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Annhouncements

® Adam Becker is returning to Chapman:

@ Book event and signing at 1888 center: Monday April 16. RSVP
required https://bit.ly/AdamBecker

® Extra Credit will be added to Hwk 3!

® Assignments
® First Draft due on Blackboard April 11.
® Peer review until April 16.
® Discussion in class April 16.
® Final Version due May 2.

® Homework 3 due April 11.



https://bit.ly/AdamBecker

9.v) Contextuality

® We follow an approach to contextuality that is due to Rob Spekkens
— Phys. Rev. A 71, 052108 (20095).

® The basic philosophy is based on Leibniz Principle of the Identity of
Indiscernables:
@ No two distinct things exactly resemble each other.
® This principle is arguably very successful in physics:
@ e.g. Principle of relaftivity, Einstein’s equivalence principle.
® The principle can also be thought of as a no fine tuning argument.

@ €e.9.suppose objects A and B have some distinct physical pro;r:)er’ry, but there
IS absolutely no measurement we can do to tell A and B gpart. Then, our
measurements must only reveal coarse-grained information that is fine-tuned
iN just such a way so as not to reveal the difference.

@ Not all apparent fine tunings are evil, but they do require
explanation.



Preparation Contextuality

® Define an equivalence relation on preparations in an
operational theory:

P~Q o Prob(k|P, M) = Prob(k|Q, M) for all measurement-
outcome pairs (M, k).

o In particular, if pp = po then P~Q.
® An ontological model is preparation noncontextual if,
P~Q =  Pr(1|P) = Pr(1|Q).

® In words, whenever there is no observable distinction between
two preparations, they are represented by the same epistemic
state In the ontological model.

® A model that is not preparation noncontextual is called
preparafion conftextual.



Mixing Preparations

@ If an operational theory contains preparations P and Q
then we can construct a mixed preparation pP + (1 — p)Q.

® Physically this means, foss a coin with p(heads) = p, do P if it lands
heads or Q if it lands tails, then forget the coin toss outcome.

o We will assume that the ontological model preserves
mixtures:

Pr(A|lpP + (1 —p)Q) = pPr(4|P) + (1 — p)Pr(4|Q)
® This is actually an instance of preparation
noncontexfuality applied to the joint coin-system system.

Conditioning on the outcome of the coin yields a
preparafion equivalent to P or Q.



Proof of Preparation Contextuality
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Proof of Preparation Contextuality

&

We also  have
Y \G) 1. 'Z(uo(m-l» A?(M\
- = 2 (Xl + 18R )
= 2 (1oca +| C><C\)
. b7 ; (1e>dat Vo <bl lc7<c\>
1A %S (1ADCA] + IRDCR) ,].\c><d>
So by preparahen noencontex boihiby :
P,-(M, - »( () + A Pe(OMAY) ?r(MT:,_\=ﬁ(P,(,\|q3+@,~(M\o) +Pr(/\\c)l)
= z(\OVU py + O (A \R)) S-i(P,(MA)+Pr(/\l6)+pr(/\\C1)

L (Pe (1) + Or (mc))



Proof of Preparation Contextuality
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Measurement Contextuality

o Define an equivalence relation on measurement-outcome
pairs in an operational theory:

(M,k)~(N,l) <  Prob(k|P,M) = Prob(l|P,N) for all preparations P.
o In particular, if EY' = EY then (M,k)~(M, ]).
® An ontological model is measurement noncontextual if,
(M,k)~(N,l) = Pr(k|M,A) =Pr(I|N, 7).

® In words, whenever there is no observable distinction between
fwo measurement-outcome pairs, they are represented by the
same response function in the ontological model.

® A model that is not measurement noncontextual is called
measurement contextual.



Kochen-Specker Contextuality

® Measurement nhoncontextual models exist:
® e.g. Beltrametti-Bugajski: Pr(k|M, 1) = Tr( E [ANA]).

@ A Kochen-Specker (KS) noncontextual model is:
@ A model that only contains projective measurements.
® Measurement noncontextual.
® Outcome deterministic: Pr(I1|A) = 0 or 1 for all A.

@ We will prove in a later lecture that:
KS contextual = maximally —epistemic = preparation contextual

so KS contextuality is still worth proving.
® KS contextuality can only be provedind = 3.

® By applying KS noncontextuality for projective measurements
and measurement noncontextuality for POVMs, Spekkens
obtained a proofin d = 2. We will focus on fraditional KS

Proofs.



KS Contextuality and value assignmenis

® Due to the outcome determinism assumption, each A determines a value
function v, that assigns a value 0 or 1 to each projector.

v, (1) = Pr(I1{4)
® Since probabilities must sum o 1, in each projective measurement {I1; },

exactly one of the projectors must get value 1, the others getting value 0.

@ Measurement noncontextuality then implies that the value assigned to I,
does not depend on which measurement it is a part of.

@ In particular, this applies to an orthonormal basis. For each basis {|¢x )},
exactly one vector gets the value 1, the rest 0, and this value is the same
for every basis that |¢, ) appears in.

@ In proving Kochen-Specker contextuality, we can focus on whether such
a value function exists.



The 18-Ray Proof

@ A.Cabello, J. Estebaranz, G. Garcia-Alcaine, Phys. Lett. A 212:183 (1996).

@ In 4-dimensional guantum mechanics,
we can find 18 states with the (test
space) structure depicted.

® Each test is an orthonormal basis.

P1 (1,0,00) | ¢10 | (0,1,0,—1)
P2 0,1,00) | ¢, | (1,0,1,0)
P3 0011) | ¢ | (L,1,-11)
¢s | (001,-1) | ¢35 (-LLLD)
¢s | (1L,—-100) | ¢4 | (L,1L1-1)
¢ | (1L1,-1,-1) | ¢15 | (1,0,0,1)
b7 (L1,11) | ¢16 | (0,1,-1,0)
¢s | (1,-11,-1) ¢4 | (0,1,1,0)
¢o | (1,0,-1,0) | ¢15 | (0,0,0,1)




The 18-Ray Proof

Red Blue Purple Black Light Navy Burgund
Blue y
¢1 ¢4- ¢7 ¢10 ¢13 ¢16 ¢2 ¢3 ¢6
¢2 ¢5 ¢8 ¢11 ¢14 ¢17 ¢9 ¢5 ¢8
¢3 ¢6 ¢9 ¢12 ¢15 ¢18 ¢11 ¢12 ¢15
¢4 ¢7 ¢10 ¢13 ¢16 ¢1 ¢18 ¢14 ¢17

- There are nine bases, and in each one, one of the ¢;s has to
receive the value 1, the rest 0. So there will be 9 rays assigned the
value 1 in fotal.

- However, each ¢; appears exactly two times in the table, so
whichever of them are assigned the value 1, there will always be an
even number of 1's in total. Contradiction!



KS Contextuality and value assignmenis

® We can also think of the value functions as assigning definite values
to observables (self-adjoint operators) via

v(M) = z m; v(Il;)
J

@ Now, if two observables M and N commute then they have a joint
eigendecomposition.

J J

® And we will have:
J J



KS Contextuality and value assignmenis

@ Since, in all of these decompositions, the same projector will get the
value 1, whenever [M, N] = 0, the value functions will obey

v(MN) = v(M)v(N) v(M + N) =v(M) + v(N)

@ If we define functions of operators by power series, this implies that
whenever M, M,, ... all mutually commute then

v(f(MpMz: )) = f(w(M,),v(My), ...)

® SO another way of defining KS noncontextuality is: there exists a
value function that assigns eigenvalues 1o observables that obeys

v(f(My, M, ...)) = f(v(My), v(M,), ...) for mutually commuting
observables.



The Peres-Mermin Square
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Noncontexiuality Inequalities

© People sometimes want to detect contextuality using inequalities like we do for
nonlocality in Bell's theorem.

© Example: 18 ray proof.
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Noncontextual Sets

O \/\)e, Coan V"\o»\&C Lenle O{' Non con l-esc L‘LM«\.'Lj Me:1 MH‘\'Q& LN the Fo \low.‘nj waﬁ
O L.?/Q' ,/{'(, = Z M\/ML,---- ;MAS )oe, A (-.‘n.'lre, ge/(/ o(, @rlf\:\o/\o(‘/"\ 01,\ loa&@& .
O | Folgd s an owbome A M e /{./ Je}-’/\e,

e o (pimny =18

O Deline e Nonconbexbud ek for 19> oS
"

- ()
r;gM r?’

eMI1FE>E MY
quis s Fhe sgelb o(— onkic sbotes bhal o\\wOﬂS O\SS{SY\ l¢><<—}$l P“O'oo\bi\"la 1

rega\nllus oF the bosis it wp PSS 1IN

;,Q. ‘(\r\e, Se% o{f o(\\'\’c skm\'c» k\«alf Gf\le L"'\L awLLO wme \$5> NnonCoa LeXLwo\\ltj



Noncontextual Sets
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Noncontextuality Inequalities Revisited
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Noncontextuality Inequalities Revisited
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CSW Noncontextuality Inequalities
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CSW Noncontextuality Inequalities
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Example: Klyatchko Inequality
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Example: Klyatchko Inequality
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KS Contexiuvality in Test Spaces

® The 18-ray proof is based on a test space. We can generalize this
approach to arbitrary test spaces.

@ Recall that a finite test space (X,X) consists of
® A finite set X of outcomes.

® A finite set X of fests.

® Each fest E is a finite subset of X, interpreted as the set of
outcomes for a measurement that can be performed on the

system.
@ Example: Specker’s Triangle

(e, f,9h e fhif, 9519 e}})




KS Contexiuvality in Test Spaces

® A state on a fest space is a function w: X — [0,1] such that

VE € 3, Zw(e)—l

© Let S(X,X) be the set of states on (X, E). For a finite test space thisis a
polytope.
® An unnormalized stafe on a test space is a function w: X — [0,1] such that

VEEL Zw(e)S1

© Let §,(X,X) be the set of unnormalized states on (X, X). For a finite test
space this is also a polytope.

® The advantage is that not all test spaces have states, but they do all have
unnormalized states.

@ Interpretation. We let our measurements sometimes fail, and not register
an outcome. The probability of this happening can depend on which test
we are measuring.



Example: Specker Triangle

® We proved previously that the
only normalized state on @
Specker triangle is

1
w(e) = w(f) = w(g) = >
® Unnormalized states just have to
satisfy the inequalities

w(e) =0, w(f) =0, w(g) =0

wle)+w(f)<1
o(f) +w(g) <1
w(g) +wle) <1

1.00

"70.00

1.00



Example Klyachko

@ By a similar argument to Specker,
the only normalized state is

wj =~ forj =0,1,234
® For unnormalized states we have
(Uj = 0
w; + wj;q (mod 5) <1
® From this, we can derive

5

(1)0+(1)1+(1)2+(1)3+(U4SE

which is saturated by the
normalized state.




