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Quantum Theory as a Méa-theory

* The analogy Is
based an quant um
measurement
theory....

* ..but QT s ot as
abstract as H.
Quantization
cannot be gdied
toan abitrary
theory.

apdy provability

theory guantize

* Causal structure s
present in QT lut
absent f rom F.



(assical Piobability vs. Qiantum Tleory

(assical Quant um

Probability dstribution: P (X) Qiantum Sate; A

Joint distribution: P(X,Y)| JintSate: ! AB

Transition mat rix: 'vix | TRP nap: Es A

Conditional Piob.: P(Y|X) ?




Why quant um conditional prooability?

* (onditional probahilities dlow all types d correlation to
be treated an an egual foot ing, whet her timdike,
spacelike @ completely abst ract.

* (Causal relations ae ot primitive n gobability theory.

* Some tassical probabilistic dructures ae deba
terms d conditional probability.

* Markov Ghains

* Bayalan Né¢works

* Some Bay®ans take onditional probability to ke the
most f undament al not ion.

*  See textbook by DV Lindley
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1. Introduct ion

(A) Reconstructing a pint distribution from a narginal
P(X,Y) = P(Y[X)P(X)
(B) Baysian Updating

o (H1D) = POIHP(H)

P(D)

(C)Sochastic Bynamics
PY =) =3 (tvix); PX =)
(D) Conditional Shannon Erujropy

HYIX)=!  P(X,Y)log, P(Y|X)

XY
(E) Reduction d complexity via conditional indgendence

P Z ) = PY | Z) P XY Z ) = P Z PO 2P (Z)




1. Introduction

(A) Reconstruction d a joint state! A fom a narginal ! A .

(B) Updating guantum g ates after a measurement

B

D)
(C) TRCP g/narics

' = Egja (fa)

(D) Gondiitional von Neimann Ertropy
S(BIA)=! Tr ! log,!g|a

(E) Reduction d complexity via conditional indgendence




1. Int roduct ion

* Qxf & Adam (O7-09):

— |Og2 N |Og2 N
BIA — 2
p | I 11

B 1
' n | n
nugl PAB (pa ! IB)

n

* (A) Reconstruction:

— »nlo I 1g +lo
WAy LA R 92 LB |A

* (C) BErropy:
SBIAN=SA, B SA) =g log, ! g (A
* (B @mplexity Reduction: If log, 'gjac =1a ! log, !

Ing ! lOg, ! c +lO ! | Ig + Ip! lOQ, !
!ABCZQAB o' cC Jo " ajc: 1B T 1A J>:'B|C



1. Int roduct ion

* (B Updating:
* POVM M={M}, M >0, M
M
*  Pobablity Rle P (M) = Tr (M p)
L EMQ)
*  Update Emap: M~ T (|\/| !)
V() = AMEAT AN AN =

J J

2k EM dpends m de ails d system-measuring device nteraction.



1. Introduct ion

* |s there e pdate rule that is more @ayaO ule ikeO lhan the
rest?

*  Traditionally (e Bb O77dr projective masuremants):

M!I M
=
Tr(M I)
*  According to Fohs (@1, O2):
: g1 Eaey
M Tr (M )

*  Both reduce to BaysO ule when theM & @ojection qerators and
vl =0
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2. Bynamics as @onditional probability

&

(b) ()
Gl

by

= Ly ix P(X) P(X,Y)

P(X, Y): Ly ix P(X) PX)= P
Y

FN S EEIRIEARSE P(X,Y)

P(Y|X) =

P(X)

|somor phisnt (P(X), !y X) ' P(X,Y)



2. Bynamics as @onditional probability
(a) (b) (c)

B B A
A
Esa EalB
LA
A A Source: ! aB
pe = Ezja (pa) TAB
IAB_’) A—TTB(AB)

Isomorphism ! a, E& AR ?




3. al-Jamolkowski Isomor phism

* Fo bipartite pure dates and erat ors:

Reja = Z!jk‘j!Bllk‘A A Z!jk|k!A$ IRE
J K J K

* Fo mixed 4ates and G2maps:

T 1) e e Y (1) R et (1)1
EB|A( A) B |A A B |A AB AL e



3. al-Jamolkowski Isomor phism

I . ' 1 H | |
J

* Then 'ap= 14! Epja (" +>AA! <! +|AA!)
Eaja (1a) = 3 10 tal A T

* Qperational interpretation: Noisy gate teleport at ion.



3. al-Jamolkowski Isomor phism

* Remarks:

*  |somorphism s lasis dendent. A basis mist be ¢osen to debem! Bt AA !

* If we restrict attention to Tace Preerving Gmayps then

1

Ia=Trg (lag ) = d—fA
A

* Ths s a gecial case d t he somor phism we wat t 0 @nstruct



4. A Nev |somor phism

r " : .
* la,BEga ! "aB irdction:
DpCs: — ! T %n ARRER.
* Insteadd *! AA!$B|! !AA!_ !A IA!#& AA !
Ll r
* Tren lag = la @B pa (1! Danr ¢ laat)
n r . =
x g ! A1EB|A irdction:
=TT " = "
* Set !A_A’ A_TrB(AB)
Il 1 Il! l
B LR S N = AN RS = S SR YA
* ! B|A $adesity qerator, stisfying TIg (! B|A) — d—rPA
A

% Itismiquelyassociatedtoa'PCPnapEélA i = (PAHA) — L (HB)

via the @o-Jamolkowski isomor phism



(&)

(b)

B
A
B
N AT
Source: 7as v

()




5. Qrerational Interpretation

* Reminde about measurements:

* POVM M={M}, M >0, M

*  Pobablity Rle P (M) = Tr (M p)

V()
*  Update Emap: !|M — i (|\/| I)
EN () = AMEAT A AN =

J J

sk EM dpends m de ails d system-measuring device nteraction.



5. Qrerational Interpretation

* Lemma: | = P(M)!\m s @ ensemble deomposition d a
M

density matrix ! fftheesa®VMM = {M } ts

M

P(M) = Tr(M!) Invsa e s

* Proof sketch: M = P(M)!’ %!IM!! :



5. Qperational Interpretation

* M -mesurement of !
%k Input: !

% Measurement probabilitiess P (M) = Tr (M)

k dated g ate: T
P | M M

e dnnD

% M -peparation o !

%k Input: Gnerate a tassical rv. with pdf

P(M) = Tr(M!)

%k Prepare the orresponding g ate:

™M Z T M)

M T




5. (perational Interpretation

(b) N -measirement (C) N -measurement

() B B
@ M -measurement N measurement(?) A A

A |4 B 0\
s

=N

\\ Beg|SEUAEEH] ceags ARt

P(M,N) is the amem @) and (c) br
any FOVMsEM ad N .

M -measirement M *'-preparation



6. Appicat ion: B-oadcast ing & Mahogany

k

Foany PP map Egcja :L(Ha)! L(Hg " Hc) het
reduced nmaps ae:

Balia 7 1o Esicja Ecia = Trg ! Escja

The following ommuat ivity properties hold:

!Afc A Egcia)
Trc 3‘Tr(;
| AB (A Bgpa)

Therefore, 2 gates! AB ;' AC ncompatible with baing the
reduced dates d a gobal state! apc .

2 reduced maps Ega; Ecja nbompatible with teing the reuced
maps d a gobal map Eg ¢ (a -



6. Appicat ion: B oadcast ing & Manogany

k

ATRARmMap Eaiania :L(HA)! L(HaA'" Havr) s
or oadcast ing forasiate!A fi

Exvja (Va) = ta Eavja (ta) = lan

ATPCPmapEAAuA L(HA)I L(HA! * HA!!)S |
cloning for a gate !

Eritat =t B

Note: Fo pure gates doning = boadcast ing.

A TR(Rmap s Wiversal broadcasting I it is lroadcast ing for
every state.



6. Appicat ion: B oadcast ing & Manogany

* No doning theorem Qieks 82, Wootters & Arek 82):

* There s o map that is doning for t wo ronort hogonal and nonidentical pure
states.

* No lroadcasting theorem Banum 4. al. 96):

*  There s o map that is lroadcast ing for t wo roncommuing desity goerators.

* (dearly, this mplies o wiversal broadcasting & wal.

* Note that the mapsExtja, Eanja renalid ndividually, but t hey
cannot be the reduced neps d a gobal map Earat (A



6. Appicat ion: B oadcast ing & Manogany

k

The maps Earja, Eava  rebe rdated to ncompatible gates
PAA ' TAA !

Theorem: If E4' 414 3 wiversal broadcasting, then both ! aat, ! AA Y
must be pire and naximally entangled.

Ersemble boadcasting{ (p,!1),((1 — p),!2)} L H1,!2]F 0

oot oyt ,&!A!!|A " TAA AN

Theorem: There s a bcal goeration an A that transforms loth ' AA !
and! 44" mto pure, entangled dates with nonzero pobability
of success.



. Faiure Directions

* Quantitative rdations ket ween goproximate ersemble
broadcast ing and nonogany inequalities for entanglement.

* More generally, weful in analyzing any anfo gotocal involving
the ation d a TRARmap o a f@articular ensemble rat her t han
the whole Hlbert space.

* (Qn the various analogs d conditional probability be unibpal?

* (Gn quantum theory be deeloped sing an analog d condit ional
probability as the fundamental not ion?

* (Gan we édminate kackground causal struct ures entirely from the
formalism & quant um theory?



