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Ceneralized Pobability Theory

* Quantum theory and dassical probability are art of a more general theory,
withB (H) relaced by a mre general C' dgebra.

* In this talk, ecialize to Pme dmnensional algebras d t he form:
O=9B ChrgChg...q¢CN
* \We ae mainly interested n these two $ecial cases:
* ({assical probability with a Prte sanple pace
SHREES B o ALMEEN (N0l | N M REEEE BT o)

* FUOO iter dmensional gquant um theory
Oq.d = B(CY)




Why quant um conditional prooability?

* PacticalOCeBsons:

*  Several probabilistic g ructures reguire ond. rob. a cond. indgpendeance
for their debrtion, eg. Markov hains, Baygan Né works.

Better unde'stand the rdat ionships ket ween dfferent ginfo tasks.

“Fandat ionalO r@sons:
QT s actually more Ike a gneralized theory o stochastic rocess than
abst ract Kolmogorov robability. Spacelike and timdike events ae
combined df ferently.
Gond. prob. is the mssing motion that relates the two.

Gould ke rdevant t o godying QTn the @sence d background causal
st ruct ure.
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. A Nev Isomor phism

. Qperational Interpretation
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. Fuure Drections




1. Introduction: Uss d Cond. Pb.

(A) Reconstructing a pint distribution from a narginal

P(X,Y)=P(Y|X)P(X)

(B) Baysian Updating
P(DIH)P(H)
P(D)

P(H|D) =
(C)Sochastic Bynamics
P(Y) = ) ! yixP(X)
(D) Conditional Shannon En rop);
H(YIX)= H(X,Y)! HX)=1!  P(X,Y)log, P(Y|X)

XY
(E) Reduction d complexity via conditional indgendence

P(Z|IX,Y)=P(ZIX)! P(X,Y,Z2)=PX)P(Y|X)P(Z|X)




1. Introduction: Ugs d Cond. Pb.

(A) Reconstructing a fpint state from a narginal

'ag = F(ta,lBg|a)

(B) Updating a $ate after a measurement

o l!:—(j) (! a) .
Tr EG) (1 4)

(C) TRCP ynamics s = Bgja('a)

(D) Conditional von Neimann Eriropy
S(BIA)=! Tr ! g log,!g|a

(E) Reduction d complexity via conditional indgendence

% Gorf & Adami achieve @), ©) ®. | ahieve A), B, (C).




1. Introduction: CG&rf & Adam

* Cf&Adam: let 'as ! Oa " Op eba dasity gperator, and deba

n

| Ll e T o1 (1, | # o
'la= Im (tal lg) 2185 (Pal 1g)"

log, 'gja = 100 A ! l0gy 1A " IR

* (A) Reconstruction: | yg = 2°92'a! Is+08;!5a
* (C) Eropy:
S(BlA) = S(A, B) = S(A) =—+—1r ! I AB |Og2 | B|A
* (B G@mplexity Reduction:
logolcias =!cia! Is " logylagc =logy!al Ig! Ic +logy!gia! Ic +logylcia!l I

S(B:C|A) = S(C|A)! S(C|A,B) =0
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Nt roduct ion: An ovious Aternat ive

let 'ag ! Oa " Op dba dasity goerator, and deba

| 1 L
L= 2 e s L2 T

Propert ies:
* !B|A Badasity goeratoron O, ! Op

. . Pa
* Maximally mixed a1 subsystem A: Tre(gja) = -
A

(A) Reconst ruct ion:

1 1
=1 2 2
paB = pa ! lepas pa! IB



2. Dynamcs a Onditional Pobability

. v & (0

' L Xy

FY X

e

P(Y)= Dy P(X) P(X,Y)
X

P(X,Y) =y P(X) P(X)=  P(X,Y)

Y
P(YIX) =1y P(YIX) = Ty

lsomor phism P(X),! vix ! P(X,Y)




2. Bynamics as @mnditional probability
(a) (b) (c)

source: ! aB

Isomorphism 'a.Egja ! "as ?




3. al-Jamolkowski Isomor phism

* Recall: Kraus deomposition d CRmaps &sa : B(Ha)! B(Hz)

' (H) .
Bsin(la)=  RYAIARYN Reia i Ha ! He

"l

* Fo bipartite pure dates and erators:

RBlA: !jklj!B"klA# |! !AB — !jklk!A$|j!B
J K jk

* Fo mixed dates and Gmayps:

RH h (1) Esja! l'ag = ; ::! (0) Y! ()m
BIA =~ AB AB




3. al-Jamolkowski Isomor phism

ARt 1 # |
I AN | — -IT_A | |J A# |J A
J

T SR TR AL .
o TIEn 7_AB A7 IAI EBlA! I AA ! I AA !

Esja (pa) = dx " aioa! 7as 7 L.

* Qperational interpretation: Noisy gate teleport at ion.




3. al-Jamolkowski Isomor phism

* Remarks:

*  Isomorphism & lasis d@endent. A lasis mgt be ¢osen to deba 'p* A

* If we restrict attention to Tace Preerving Gmayps then




4. A Nev |somor phism

* !a,&gia ! "as idkction:
lH+ ' .
Instead d P  PEER: 1 >AA.

Then 'as = 1A @ Bgjar (I' Jan: (! laa)

| pa,Bga  idkction:

1 1

latas H 2 g

! TP
'‘B|A g@tispe Trg lgja = —rA
da
Hence, it is wnigquely associated to a PCP nap va the Qoi-Jamolkowski

Isomor phism RN
EB|A-B(PAHA)! B(Hg)




4. A Nev Isomor phism
(b)

RN

Source: ! ap




5. Qrerational Interpretation

* Reminde about measurements:

x  POVM M={M} M >0 M = |

* Ppobability Ruee P(M)=Tr(M!)

SHEM (L)
* Update ®map: !'m = Tr (M 1)

EY ()= AMiaY A" AM =M

J J

* EM deends o deails d system-mesuring device nteraction.




5. Qrerational Interpretation

* lemme; !'=  P(M)!;y Sin ersemble deomposition d a
M

density matrix: fftheeesa®VM M = {M} (s

TM T
Tr(M 1)

P(M)=Tr(M!) na !y =

* Proof sketch: St M = P(M)p %anl )3




5. Qperational Interpretation

%k M -mesurement of !
%k Input: !

%k Measurement probabilities: P(M) = Tr(M !)

% Updated gate: MM
| |

‘M T e

%k M -peparation d !

%k Input: Gnerate a tassical rv. with pdf

P(M)=Tr(M!)

%k Prgoare the orresponding date: CTM T T

Tr(M!)




5. Qperational Interpretation

(b) N -measirement (C) N -measurement

(a) B B
@ M -measurement N measurement@ A

A | B
i

N\

P(M,N) is the amem @) and (c) br
any FOVMs M ad N .

M -measirement M T -preparation



6. Appicat ion: B oadcast ing & Mahogany
Fo any TPCP nap Escia : B (Ha)! B(Ha " Hc) hetreduced
maps ae:

Esja = Trc ! BEscya Ecia = Trg ! Esc|a

The following ommuat ivity properties hold:

-TC (!A’Eécm)

Trc 3‘ Trc

| AB ('a Ega)-

Therefore, 2 gates *AB ' AC  ncompatible with being the
reduced dates d a gobal state! as ¢ .

2 reduced maps Eg 4, Ec|a ncompatible with keing the reduced
maps d a gobal map B¢ s -




6. Appicat ion: B oadcast ing & Manogany

* A TPRmap Eaara :B(Ha)! B(Ha'" Hav) s lroadcasting
fora date pa f

LUy Ama Y Eavja (Pa) = Lae

A TR(Rmap Eatatja :B(Ha)! B(Ha'" Har) s daning for a
state pa f

gA!A”|A CEaDrE A

Note: Fo pure gates doning = boadcast ing.

A TR(Rmap s Wiversal broadcasting I it is lroadcast ing for
every state.




6. Appicat ion: B oadcast ing & Manogany

* No doning theorem Qieks 82, Wootters & Arek 82):

* There s o map that is doning for t wo ronort hogonal and nonidentical pure
states.

No lyoadcasting theorem Banum €. al. 96):

*  There s o map that is lroadcast ing for t wo roncommuing desity goerators.

dearly, this mplies o wiversal lroadcasting a wel.

Note that t he mapSExija, Earja 1@ \alid ndividually, kut t hey
cannot be the reduced naps d a gobal mapéataria .




6. Appicat ion: B oadcast ing & Manogany

* The mapsEaja,Earja  nstibe rdated to ncompatible gates
AT AA]

Theorem: If Eatav|a 8 wniversal broadcasting, then both! a4, ! 44"
must be pire and naximally entangled.

Ersemble boadcasting{ (p,! 1), ((1! p),!2)} t.g'1,12]1E O

pli+ (1 I p)' 21 E,&!A” |A < UAA AT

Theorem: There s a bcal gperation anA that transforms oth ! aa !
and !aa* mto e, entangled sates with nonzero pobability
of success.




. Faiure Directions

Quantitative rdations et ween goproximate easemble
br oadcast ing and nonogarny inequalities for ent anglement.

Dynamics d systems nitially correlated with the eavironment.

Quant um pooling (oint work with R Shekkens).

How are the dfferent analogs d conditional probability related?

Is their a heirarchy o conditional indgendence rdat ions?

Can quant um theory ke formuated tsing an analog d conditional
probability as the fundamental not ion?




