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Classical Condit ional Probabilit y

Generally,      and     can be ANY events in the sample space.

Special Cases:

1.     is hypothesis,     is obser ved data  - Bayesian Updat ing

2.    and      refer t o propert ies of t wo dist inct systems

3.     and      refer t o propert ies of a system at 2 dif ferent t imes  -  
Stochast ic Dynamics

2. and 3.  -  

(! , S, µ)
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Quant um Condit ional Probabilit y

In Quant um Theory  

                 Hilbert Space

-

               Densit y operator

What is the analog of                         ?

DeÞnit ion should ideally encompass:

1. Condit ioning on classical data (measurement-update)

2. Correlat ions bet ween 2 subsystems w.r.t t ensor product

3. Correlat ions bet ween same system at 2 t imes (TPCP maps)

4. Correlat ions bet ween ARBITRARY events, e.g. incompat ible 
obser vables

AND BE OPERATIONALLY MEANINGFUL!!!!!

! ! H

S ! {closed s-spaces of H}

µ ! !

Prob(B |A)
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1. Condit ional Densit y Operator

Classical case:  Special cases 2. and 3.  -                                            

WeÕll generally assume s-spaces Þnite and deal wit h them by deÞning 
integer-valued random var iables

                                   abbreviated to 

                                                abbreviated to 

M arginal

Condit ional

! = ! 1 ! ! 2

! 1 = {X = j }j ! {1,2,.. .N } ! 2 = { Y = k} k ! { 1,2,. ..M }

P(X = j , Y = k) P(X , Y )

P(Y |X ) =
P(X , Y )

P(X )

P (X) =
!

Y

P (X, Y )

!

j

f (P(X = j , Y = k))
!

X

f (P (X, Y ))



1. Condit ional Densit y Operator

Can easily embed this into QM case 2, i.e. w.r.t. a tensor product

Write

Condit ional Densit y operator

Equivalent ly

where                                      and          is the Moore-Penrose 
pseudoinverse.

More generally,                                         so how to generalize the 
condit ional densit y operator? 

H X ! H Y

ρXY =
∑

jk

P (X = j, Y = k) |j! "j|X # |k! "k|Y

! Y |X =
!

j k

P(Y = k|X = j ) |j ! "j |X # |k! "k|Y

! Y |X = ! −1
X ! IY ! X Y

ρX = TrY (ρX Y ) ρ! 1
X

[! X ! IY , ! X Y ] "= 0



1. Condit ional Densit y Operator

A ÒreasonableÓ family of generalizat ions is:

Cerf & Adami st udied 

                                                                              when well-deÞned.

Condit ional von Neumann ent ropy

M any people (including me) have st udied            which weÕll wr ite 

Can be character ized as a +ve operator sat isf ying 

ρ(n )
Y |X =

!
ρ

! 1
2n

X ! IY ρ
1
n
X Y ρ

! 1
2n

X ! IY

" n

ρ( ! )
Y |X = lim

n "!
ρ(n )

Y |X

ρ(∞)
Y |X = exp(log ρXY ! (log ρX ) " I Y )

S(Y|X ) = S(X , Y ) ! S(X ) = ! Tr
!

! X Y log ! (! )
Y |X

"

ρ(1 )
Y |X ρY |X

TrY
!
! Y |X

"
= I supp (ρX )



2. Remarks on Condit ional Independence

For             the nat ural deÞnit ion of condit ional independence is ent ropic:

Equivalent t o equalit y in St rong Subaddit ivit y:

Ruskai showed it is equivalent t o

Hayden et. al. showed it is equivalent t o

Surpr isingly, it is also equivalent t o

! (∞)
Y |X

S(X : Y|Z ) = 0

S(X , Z ) + S(Y, Z ) ! S(X , Y, Z ) + S(Z )

! ( ! )
Y |X Z = ! ( ! )

Y |Z ! IX

! X Y Z =
!

j

pj " X jZ (1 )
j

! #X jZ (2 )
j

HX Y Z =
!

j

HX jZ (1 )
j

! HYjZ (1 )
j

! X Y |Z = ! X |Z ! Y |Z ρX Y Z = ρX Z ρ! 1
Z ρY Z



2. Remarks on Condit ional Independence

But t his is not t he Ònat uralÓ deÞnit ion of condit ional independence for 

                                         and                                            are st r ict ly 
weaker and inequivalent t o each other.

Open quest ions:

Is there a hierarchy of condit ional independence relat ions for dif ferent 
values of     ?

Do these have any operat ional signiÞcance in general? 

! Y |XZ = ! Y |Z ⊗ IX ! X |Y Z = ! X |Z ! I Y

n = 1

n



3.  Choi-Jamiolkowsi Revisited

CJ isomorphism is well known.  I want t o think of i t slight ly dif ferent ly, in 
terms of condit ional densit y operators

Let

                              direct ion

                             direct ion

! Y |X
!= EY |X : B(H X ) " B(H Y )

Trace Preser ving
Completely Posit ive

TPCP

ρ+
X ! |X =

!

jk

|j ! "k|X # |j ! "k|X !

EY |X ! ! Y |X

! Y |X ! EY |X

! Y |X = I X ⊗ EY |X !

!
! +

X ! |X

"

EY |X (! X ) = TrX X !

!
" +

X ! |X ! X ! " Y |X !

"



3.  Choi-Jamiolkowsi Revisited

What does it all mean?

Cases 2. and 3. from the int ro are already uniÞed in QM , i.e. both 
exper iments

can be descr ibed simply by specif ying a joint state          .

Do expressions like                                         , where         ,         are POVM 
elements have any meaning in the time-evolut ion case?

! XY
!=

!
! X , ! Y |X

" !=
!
! X , EY |X

"

Prepare ρX Y Prepare ! X

EY |X

Time evolut ion

ρX Y

Tr (M X ! NY ! XY ) M X NY



3.  Choi-Jamiolkowski Revisited

Lemma:                          is an ensemble decomposit ion of a 

densit y mat r ix     if f t here is a POVM                           s.t.

                                           and

Proof sketch:  Set

! =
!

j

pj ! j

! M =
!

M (j )
"

pj = Tr
!
M ( j ) !

"
! j =

!
! M (j ) ! !

Tr
!
M (j ) !

"

M ( j ) = pj ! ! 1
2 ! j ! ! 1

2



3.  Choi-Jamiolkowski Revisited

      -measurement of  

Input :               

Measurement probabilit ies: 

      -preparat ion of

Input :  Generate a classical r.v. wit h p.d.f

Prepare the cor responding state:

M

ρ

ρ

M

M !

!

M !

P(M = j ) = Tr
!

M (j ) !
"

P(M = j ) = Tr
!

M (j ) !
"

! j =
!

! M (j ) ! !

Tr
!
M (j ) !

"



3.  Choi-Jamiolkowski revisited

is the same for any POVMs       
and      .

P (M,N )
M N

! X Y

X Y

NM

EY |X

ρX ρT
X

M TM

NN

XX

YY

! X Y

measurement

measurementmeasurement

measurementmeasurement

preparat ion



4.  Applicat ions

Relat ions bet ween dif ferent concepts/ protocols in quant um 
informat ion, e.g. broadcast ing and monogamy of entanglement.

SimpliÞed deÞnit ion of quant um sufÞcient stat ist ics.

Quant um State Pooling.

Re-examinat ion of quant um generalizat ions of M arkov chains, 
Bayesian Net works, etc.



5.  Open Quest ions

Is there a hierarchy of condit ional independence relat ions?

Operat ional meaning of condit ional densit y operator and 
condit ional independence for general n?

Temporal joint measurements, i.e.                          ?

The general quant um condit ional probabilit y quest ion.

Furt her applicat ions in quant um informat ion?

Tr (M X Y ρX Y )


