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(assical nditional Piobability
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Cenerally, A adB @n be ANY eents in the saanple ace.

Prob(B|A) =

Special Gases:
1. A ishypothesisB $ doserved cita - Baysian Updating
2. A andB rderto poperties dtwo dstinct systems

3. A andB rderto poperties d a system a 2 different times -
S ochastic Bynamcs

:!1..



Quant um nditional Pobability

* In Quantum Theory

* | I H Hbert Space

* S1 {closed s-spaces of H}

* M! ! [ensity qperator
* Whatis the amalog d Prob(B|A) 2
* [Depmion should deally encompass:
1. onditioning a1 dassical data (masurement-updat e)
2. orrelations ket ween 2 subsystems wrt t ensor product
3. orrelations ket ween same gstem a 2 times (IFCP naps)

4. Correlations ket ween ARBITRARY events, eg. incompat ible
obser vables




Conditional Censity (perat or

Remarks an nditional Indecendence

Chol-Jamolkowski Revisited

. Appications
. Qpen Questions




1. @nditional Censity Qperator

* (assical case Secialcases 2. and 3 -! =141 15

*  We@enerally assume s-paces biite and del with them by debng
Integer-valued random var iables

Hi e X= j}j! {1,2,..N } L2 = 1Y = KRy 11,2,..M }

P(X =],Y = k) baeviatedto P(X,Y)

f(P(X =j,Y = k) beeviatedto  f(P(X,Y))

j X

Marginal P(X) = | P(X,Y)
Y

P(X,Y)
P(X)

Qonditional P(Y|X) =




1. @nditional Censity Qperator

* Qan easily embed this nto QM case 2, ie. wrt. a tensor product Hx ! Hy

* Write
pxy = > P(X = j,Y = k) |51 "jlx # |k "kly
ik
*  (onditional Censity goerator

= PO =KX= ) T ekl
] k

x Egivalently 'yix = 137! Ivlxy

* where px = Try (pxvy) n(a,o!x1 $ the Maore-Renrose

pseudoinverse.

* Moregnerally,[! x ! Iy,!xy] =0 obwto gneralize the
conditional density goerator?




1. @nditional Censity Qperator

* A @easonableO dmily o generalizations i:

([ =mEEmEE R SRENEE t
Pyix = Px " Iypxypx ™t Iy

| :
* Of& Adam studied P&/pz = nl.!,m Pg(n|)x

* pg/oﬁ))( = exp(logpxy ! (logpx)" ly) hemwdl-debgd.
*  (onditional von Neimann entropy

S(YX)=S(X,Y)! S(X)=!Tr Ixylog!y,)

1 s
* Many people (ncluding me have g udied ,02( |)x vinich welDwr ite py X

* (Qan ke daracterized a5 a +e @erator satisfying

Try yvix = lsupp(px)




2. Remarks oan (nditional Indgoendence

* Fa ! §fo|o))< he matural debPrtion d conditional indgoendance s ent ropic:

S(X:Y|Z)=0
* Eaqivalentto equality in Srong Sibaddtivity:
S(X,Z)+ S(Y,Z2)! S(X,Y,Z)+ S(Z2)
* Ruskal showed it is equivalent to

RTINS

INAT A, Nl R V2T, W

* Hayde d. al. howed tt is equivalent to

I :. L I == . '
'x vz i x 20t H e Hx vz Hy 700 Hy Za)
j J J ; J J

* Surprisingly, it is dso euivalent to
— 11
XY|Z = 'X|Z2'Y|Z PXYZ — PXzPz PYZ




2. Remarks o nditional Indgoendence

* Butthis s ot the @aturalO deftion of conditional indgoendence for N = 1

* lyvixz=!'viz®Ix nad!xivz =!xz!

weaker and nequivalent t o each d her.

lv  reatrictly

* (Qpen questions:

* |s there a herarchy d conditional indgoendence rdat ions for dif ferent
valuesd N ?

* Do hese have any qperational sgnib@nce n general?




3. o-Jamolkowsl Revisited

CJ isomor phism s wdl known. | want to think o it slightly df ferently, in
terms d conditional density gperators

: ! Trace Preerving
!Y|X =+ EY|x B(Hx ) B(Hy) Gompletely Rositive
TRCP

et Pxx = NItk # i "kl x
ik

ngx l I Y |X lickct 10N

S | +
bvix = Ix ®Brxr Ty

| Y |X | gy |X lgkct ion

Evix (Fx) = Trxx:




3. o-Jamolkowsl Revisited

- I I ' [
—

| |
What does itallman? ! xv = !x,!y|x ' x, By|x

Gases 2. and 3 from the ntro ae dready P&l n (M, ie. loth
exper iments

Time &olution
By x

Preoare PX Y Preoare ' X

can ke decribed smply by gecifying a pint state PxX Yy .

Do gpressions ke Tr(M x ! Ny! xy) heseMx Ny @ OVM
elemants have aay maning n the time evolut ion case?




3. o-Jamolkowski Revisited

* lemma: ! = Pi!i sian ensemble deomposition o a
J : .
density matrix! fftheesaPVMM = MU)  ts

: 1_—||\/| (4)° B

e g NEEEEEES
pp =Tr MY’! na I e

* Proof sketch: St M) = pi1! 211! 3




3. o-Jamolkowski Revisited

%k M-masurement of !

%k Input: !

% Measurement probabilities: P(M = j) = Tr- M )1

%k )\f-peparation d !

%k Input: Generate a tassical rv. with pdf

P(M =j)=Tr MU

%k Prepare the @rresponding date:

’1_—||\/|(J')‘ T
| - = . fi
T M)




3. o-Jamolkowski revisited

@meﬁsurement @measurement
< > ? Y Y

X Y
: Tgv X

Y
\l / XX
- XY

X
P(M, N) is the same tr any FOVMs meastrement preparation
Mand N .

oy




4. Appcations

Relat ions ket ween df ferent concept s/ protocols n quant um
Information, eg. roadcasting and nonogany o ent anglement.

SmpliPa@ debiion d quant um sufPaent statistics.

Quantum Sate éaling.

Re-examnat ion d quantum generalizations d M arkov dhains,
Bayasian Né works, éc.




5. (ren Questions

k

Is there a herarchy o conditional indgoendence rdat ions?

Qper at ional meaning d conditional density goerator and
conditional indgoendence for general n?

Temporal joint measurements, ie. Tr(Mx vy pxy) ?

The general quant um conditional probability quest ion.

Futher apdications n cquant um Inf or mat ion?



