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Abstract

This thesis addresses the connections between quantum entanglement and quantum
dynamics. The central theme is that there is a resource contained in interactions
between quantum systems, as described by Hamiltonians, Unitary operators and
measurements, that can be classified and quantified in a similar way to entangle-
ment in quantum states. In particular, the problem of using an interaction Hamil-
tonian to simulate the action of another Hamiltonian efficiently via local operations
is addressed and, for two qubits, the results can be conveniently summarized by a
majorization-like partial order on the space of Hamiltonians.

Secondly, the relationship between interaction resources and entanglement is
analyzed by considering the ability of a unitary operator to generate entanglement.
Analytic results are presented for the case of a single application of a two-qubit
unitary where the system acted upon is not entangled to any ancillary systems.
Numerical results are presented for the case where such ancillas are present. The
notion of processing multiple copies of a unitary operator collectively is discussed
and is shown to be unnecessary for generating the maximum amount of entanglement
per application of the operation.

Finally, a different kind of connection between dynamics and entanglement is in-
vestigated by finding ways in which the entanglement properties of unknown, multi-
party quantum states can be determined efficiently by measurements on multiple
copies of the state. Specifically, networks for directly measuring invariants under
local unitary transformations and stochastic local operations and classical commu-
nication are presented and their efficiency is compared to alternative methods based

on estimating the coefficients of the state.
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Chapter 1

Introduction

Despite the fact that quantum theory is now almost a century old, it is only
recently that its most counter-intuitive implications have been found to have
practical applications. Specifically, there is currently a revolution in the fields
of information processing and computation because quantum systems appear
to have radically different computational abilities from systems that obey clas-
sical physics. Of particular significance, is an efficient algorithm found by Shor
[84], that uses quantum mechanics to factorize composite numbers. This is a
problem of great interest in cryptography, and is generally thought to be im-
possible to solve efficiently using an ordinary classical computer.

At the most basic level, this revolution has come about by replacing the
classical unit of information, the bit or cbit, by its quantum equivalent, the
qubit. A cbit is a physical system that can be prepared in one of two definite
states, usually denoted by 0 and 1. In contrast, a quantum two-level system
or qubit has a continuous range of definite states in which it can be prepared,
called pure states.

One of the central goals of information theory is to find efficient ways of
achieving basic communication tasks between two or more separated parties’.

Such communication tasks include the transmission of messages and the dis-

'The standard convention of naming the first two parties Alice and Bob will be used in
this thesis.
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tribution of secure keys for cryptography. The parties will typically have some
communication resources available to them, which they would like use as effi-
ciently as possible.

For example they may have classical resources, such as telephone lines, to
send cbhits to one another. These classical channels may introduce noise into
the signal, but this can be compensated for by encoding some redundancy into
the data, for example by sending each cbit three times and deciding on the
true value by majority vote. One may then ask what is the minimum number
of bits that have to be sent through the noisy channel in order to communicate
1 cbit perfectly. Another way of stating this is to say that the noisy channel
can be used to simulate the perfect channel and the number of uses required
to do this quantifies the amount of communication resources contained in the
channel, relative to the perfect channel (see [30] for details).

Quantum mechanics introduces new resources into the framework, such as
quantum channels for sending qubits to one another. An example might be
an optical fibre for sending single-photons. One may then ask questions about
the resource content of these quantum channels. For example, how many uses
of a noisy quantum channel does it take to simulate a perfect one? There are
also new types of question that can be introduced, such as how many uses of
a quantum channel does it take to simulate a classical one and can a classical
channel be used to simulate a quantum one??

In addition to qubit channels, there are many other features of quantum
mechanics that do not exist in classical physics and one of the most important
of these is entanglement. Entanglement has a long history in quantum me-
chanics and it is responsible for many of the most counter intuitive features of
the theory, particularly the EPR paradox [39] and Bell’s proof of non-locality
[7]. For a long time, it was regarded as a problematic concept and the major-
ity of research that tackled the issue was aimed at highlighting its seemingly

paradoxical implications. However, more recently, it has been realized that

2For general introductions to quantum information theory see [74, 78].



1.1. The Quantum Formalism

entanglement can be turned to our advantage and regarded as a new kind
of resource in information theory. Also, from a practical point of view, ex-
periments in many quantum systems are starting to reach the stage where
entanglement can be manipulated in a controlled way.

The central theme of this thesis is that quantum dynamics can be quan-
tified as a resource in a similar way to entanglement. Before introducing this
concept, the basic formalism of quantum mechanics is reviewed in §1.1, in
part to establish the notation used throughout the rest of this thesis. Then,
in §1.2 the formalism for discussing composite systems and entanglement is
reviewed and some important applications of entanglement: teleportation and
superdense coding, are introduced in §1.2.1. Some of the ways in which en-
tanglement can be quantified as a resource are reviewed in §1.3. The idea of
using quantum dynamics as a resource is introduced in §1.4 and illustrated
with some examples of quantum gates in §1.5. The introduction concludes in

§1.6 with an overview of the main results presented in this thesis.

1.1 The Quantum Formalism

1.1.1 Quantum States

The state of a quantum system is described by a positive semi-definite density
operator, p, on a Hilbert space, H. B (H) will be used to denote the space
of linear operators on the Hilbert space H, so these conditions can be written
as p € B(H),p > 0. It is usually required that p is normalized such that
Tr(p) = 1.

In the special case where p is of rank 1, the state is pure and it can alterna-
tively be represented by a vector [¢)) € H, where p = |¢) (¢/]. In doing so, an
arbitrary global phase is introduced, since |¢) and €% [¢)) have the same den-
sity matrix. The choice of this phase does not affect the physical predictions

that can be made about the state, so it can be chosen to have any convenient

3



Chapter 1. Introduction

value. In what follows, H will usually be finite dimensional.
The most basic system in quantum information theory is the qubit, for
which ‘H = C?, a 2 dimensional complex Hilbert space. The standard or-

thonormal basis for C?, often called the computational basis, is given by

1 0
0) = 1) = (1.1)
0 1

and a pure qubit state can be written in this basis as

) =al0) +8[1), a,BeClaf*+|5"=1 (1.2)

1.1.2 Quantum evolutions

The evolution of a closed quantum system in the absence of measurements is

described by the Schrodinger equation

im0 _ (a1, o) (1.3)

where H is the self-adjoint Hamiltonian operator, which represents the energy
of the system and [H, p(t)] = Hp(t) — p(t)H. For pure states, this can be

written as

Lol
—in= S = H () (14)

The resulting evolution is given by p(t) = U(t)p(0)U(t)t, where U(t) is the
unitary time evolution operator U(t) = e~'#'. For pure states this can al-
ternatively be written as [1(t)) = U(t)|¢(0))®. By suitably engineering the
Hamiltonian of the system, any unitary operator may be realized as the time
evolution operator. Controlling the evolution of a quantum system in this
way is experimentally challenging, but this thesis is mainly concerned with the
general limits to information processing imposed by the laws of quantum me-
chanics rather than the problems associated with generating particular physical

evolutions. Thus, in this thesis it will usually be assumed that any unitary

operator can be generated by engineering Hamiltonians in this way.

3In the rest of this thesis units are chosen such that 2 =1 and U(t) = et

4



1.1. The Quantum Formalism

A convenient basis for operators on C? is given by the identity matrix and

the 3 Pauli matrices.

(1.5)
It is sometimes convenient to use a vector notation for the Pauli matrices

O_: - (017 09, U3>T'

1.1.3 Measurements

A measurement in quantum mechanics is described by a set of operators M,
satisfying
S MM =1 (1.6)
J

where [ is the identity operator on H. The labels on the operators represent
the different possible outcomes and when the measurement is performed on a

state p, the outcome j occurs with probability
p; =Tr (MJTM]-p> (1.7)

After the measurement, if the outcome was j then the state becomes

M, pM]!
pj = % (1.8)
T (M M;p)
When the initial state of the system is pure, (1.7) may be replaced by
pj = (] MM [4), (1.9)
and (1.8) may be replaced by
M |9
1) = 2 lT ) (1.10)
(] M M;[)

If the state after the measurement is not of interest, it is convenient to de-

scribe the measurement by the operators £; = M ]T M;, since the measurement

5
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operators only appear in (1.7) and (1.9) in this combination. Generally, each
E; is a positive operator and ) | i E; = I. The set of operators F; is known as
a Positive Operator Valued Measure (POVM).

A particularly important class of measurements are the orthogonal pro-
jective measurements. For these measurements, each M; = II; is a projector
satisfying

IL L, = 65,105 (1.11)

Such measurements can alternatively be described by a self adjoint operator
A=) ; Ajll; called an observable. Here, the A;’s are the distinct real eigen-
values of A and A; is the value of the observable A when the outcome j is

observed. Using, (1.7) and (1.11), the mean value of A is given by

(A) =22pA =22, ATr(Ip)

=Tr <Z] )\jl_[jp> =Tr (Ap) (112

which reduces to
(4) = (V[ AlY) (1.13)

for pure states.

When each projector is of rank 1, then they can be written in terms of
vectors as II; = |¢;) (¢;]. (1.11) and (1.6) imply that these vectors form a
complete orthonormal basis, so this type of measurement is often called a

measurement in the basis {|¢;)}.

1.2 Composite systems and entanglement

Entanglement occurs in systems of two or more parties, so it is necessary to
introduce the quantum formalism for composite systems. The focus is on the
bipartite case here, but the generalization to more than 2 parties proceeds in
the obvious manner.

Suppose there are two parties, Alice and Bob, who each have their own

Hilbert space, H 4 and Hp respectively. According to quantum mechanics the

6



1.2. Composite systems and entanglement

state space of their combined system is given by H 4 ® H g, the tensor product
of the two subsystems. H4 ® Hp is spanned by the vectors |i) , ® |j) 5, where
{l2) 4}, {l7) g} are basis vectors for H 4, Hp respectively. For example, if Alice
and Bob both have a qubit then the state space is C?* ® C?, which is spanned
by the vectors [0) , ® |0)5,[0), ® [1)5,[1), ®[0)5,[1), ® |1)5. The tensor
product symbol is often omitted from these vectors, so the vector [0) , ® |0) 5
might be written as |0) , |0) 5 or simply |00) ,5 for example.

The description of the state space of a composite system as a tensor product
is quite general, but when discussing entanglement it is useful to imagine
that Alice and Bob are separated by a large distance and that their quantum
systems are well localized in the spatial part of the wave-function. This allows
their systems to be treated as distinguishable particles. The labels A and B
then refer implicitly to these distinct, localized spatial wave-functions.

The overall quantum state of a bipartite system is a density operator pap €
B (Ha® Hp). Alice’s reduced density operator, ps = Trg(pag), is defined by
tracing over any orthonormal basis for Bob’s system. For example, if Bob’s
system is a qubit then py = (0|5 pap|0)5 + (1|5 pan|1)5z. Bob’s reduced
density operator is defined in a similar way: pg = Tra(pap).

If the overall state is pure then it can alternatively be defined as a vector
V) 45 € Ha ® Hp. This state is separable if it can be written as |¢) .5 =
|#) 4 @ |n) 5, for some |¢) , € Ha and |n); € Hp. If the state is separable
then both Alice and Bob’s reduced states will be pure states. Non-separable
states are called entangled states and in this case the reduced states will both

be mixed.

For density matrices a separable state is defined as one that can be writ-
ten pap = 3,05 ([V5)4 @10))5) ((Vil, ® (d5]p), for some vectors [¢;),, €
Ha,|¢j) 5 € Hp and some probabilities p; > 0,3, p; = 1. Separable states
are an important class of states because they can be prepared without the
need for any entangling interaction or prior entanglement between Alice and

Bob’s subsystems. For example, one way of generating an ensemble of states

7
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described by pap, is for Alice to generate a random variable with outcomes j
distributed according to the probabilities p;. Then, if outcome j is obtained,
she prepares the state |¢);) ,. Finally, she lets Bob know which state she pre-
pared via a classical channel and Bob prepares the corresponding |¢;) 5.

An example of an entangled pure state on C? @ C? is

W1
6") 4 = E(|O>A® 0)5 + 1) 4 ®[1)p) (1.14)

In fact, an orthonormal basis of entangled states is given by (1.14) and the

three additional states

074 = 7042105 = 1), @1)p)
W ap = 5 104@ 05 +[1),4®1[0)5) (1.15)
s = 70, M5 —[1),©]0)p)

These states are called Bell states and they play a central role in many pro-
tocols in quantum information theory. The unit of entanglement, the ebit, is
defined to be the amount of entanglement contained in a Bell state. The role
of ebits will become clear in §1.2.1, where the use of Bell states in two impor-
tant protocols: teleportation [9] and superdense coding [14], is reviewed and

in §1.3, which reviews the quantification of entanglement in quantum states.

1.2.1 Using Bell States as a Communication Resource

The two communication protocols reviewed here provide an operational inter-
pretation of the ebit and are of importance for discussing the quantification
of entanglement. They will also be used in §1.5 and in chapter 3 to provide
bounds on the entanglement and classical communication capabilities of quan-

tum gates.

Teleportation

Suppose Alice has a single qubit in an unknown state [¢)) that she would

like to transmit to Bob, but there is no quantum channel available between

8
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)
Bell state T
|¢+> 9 ’¢_> ) Unitary
[p+) or 1), operation
//’/7 (0-070-170_2
P or 03)
Ve "9 chits
Bell
Measurement
Qubit in
unknown
state [¢) [97)
source
Alice Bob

Figure 1.1: Schematic diagram of the teleportation protocol.

them. However, they do share a Bell state |¢*) and they have the ability to
communicate classical information. They can achieve the task by using the
entangled state and transmitting two cbits from Alice to Bob, by a protocol
known as teleportation. It is illustrated schematically in fig. 1.1. To see how
teleportation works, denote the space of Alice’s half of the entangled state by
A, the space of Bob’s half by B and the space of the unknown state by A’. A
general unknown pure state can be written as [¢) ,, = a|0) ., + 5 1) ,,, where

a,3 € C and |a|?> + |3]> = 1. The total initial state of Alice’s and Bob’s
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systems can be written as

)4 @167 ap = (@]0)+B11) 0 ® L5 (100) + [11)) 45

= 4[5 (100) + 1)) 404 @ ([0} + 5]1)) 5
5100} = [11)) 44 @ (@]0) = B]1)) 5
35 (101) + 110)) .4 & (@[1) + 510))
+35( )

i (1.16)
S (01) = 10)) 4,4 @ 1) — 510)),
= 5PN aa @) g +167) 4a ® 3 |1)

)
W) g @01 [0) g + (V7)) g ® o2 [10) ]

From the last line of this equation, one can see that if Alice performs a mea-
surement in the Bell basis on her two qubits A and A’ described by the four
projectors |¢%) ;4 (| 4y [0F) 44 (WF| 44, then each measurement outcome
will occur with probability i. The system will be left in one of the four states
0D aa @ W) [0 aa @03 [) g, [V ) pa @1 [Y) 5, [T ) g @02 [th) 5. The
resulting state of Bob’s system will be Alice’s original unknown state multi-
plied by one of the four unitary operators oq, o3, 01,709 depending on which
outcome was obtained by Alice. If Alice tells Bob which outcome she obtained,
then Bob can undo the unitary operator by applying the inverse and recover
Alice’s original unknown state. Since there are four outcomes, this can be done
by sending 2 cbits from Alice to Bob.

The resources used in this teleportation protocol can be conveniently sum-

marized by the relation
1 ebit +2cbitsy g => 1 qubit,_, 5 (1.17)

which should be read as 1 Bell state and the transmission of 2 chits via a
classical channel from Alice to Bob can be used to simulate the transmission
of 1 qubit via a quantum channel from Alice to Bob.

Teleportation is an important primitive in quantum information theory,
and it gives meaning to the concept of an ebit, which can be regarded as the

amount of entanglement required to achieve a perfect teleportation.

10
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Bell Classical
State  message

I

Bell
Measurement
1 qubit
Unitary
operation
(UU7 01,02
or o3)
A
I
I
I
I
Classical !
message : N
2 chits |67)
l source
I
Alice Bob

Figure 1.2: Schematic diagram of the superdense coding protocol.

Superdense Coding

In addition to transmitting quantum states, a quantum channel can be used to
transmit a cbits from Alice to Bob. One simple way of doing this is for Alice
to send the state |0) to Bob if the cbit to be sent is 0 and |1) if the message
is 1. Bob can then perform a measurement in the basis {|0),|1)} to recover
the initial message. However, a qubit is specified by continuous parameters,
so one might suppose that this can be exploited to transmit more than one
cbit from Alice to Bob for each qubit that is transmitted. It has been shown
[72] that this is not possible if the transmitted qubit is not entangled to any
other qubits in Bob’s possession. On the other hand, if Alice and Bob share a
Bell state to begin with, then Alice can transmit two cbits to Bob by sending
a single qubit. The protocol for doing this is called superdense coding and it
is illustrated in fig. 1.2.

To achieve superdense coding, suppose Alice and Bob start with the Bell

11
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state |¢1) ,5. Alice then applies one of the following unitary operators to her

half of the state, depending on which 2 cbit message is to be sent.

oo if the message is 00
oy if the message is 01

(1.18)
oy if the message is 10

o3 if the message is 11

The resulting state will be one of the four Bell states, up to a global phase. If
Alice then transmits her half of the entangled state to Bob, he can recover the

original message by performing a measurement in the Bell basis.

The resources used in this protocol can be conveniently summarized by the

following relation.

lebit +1qubit,_, 5 => 2cbitss_.p (1.19)

The superdense coding protocol gives another operational meaning to the no-
tion of an ebit. It is the amount of entanglement required to achieve the perfect

transmission of 2 cbits with only a single use of a qubit channel.

Note that both the teleportation and superdense coding protocols could
alternatively be achieved using any state of the form Uy ® Ug |¢") 45, where
Ua,Ug € U(2), instead of |¢7) 5. For example, all of the Bell states (1.15)
are of this form. To do this, Alice and Bob would simply have to apply
the inverse operations ULU; at the beginning of the protocol. Thus, all
these states contain an ebit of entanglement because they are equivalent with
respect to the communication tasks they can be used to achieve. This notion
of equivalence, called local or local unitary (LU) equivalence, can be extended
to all states and is of central importance in the classification and quantification

of entanglement.

12



1.3. Quantifying Entanglement as a Resource

1.3 Quantifying Entanglement as a Resource

The teleportation and superdense coding protocols demonstrate that Bell states
may be used as a communication resource. What about other entangled states?
As with all resources in information theory, their ability to perform commu-
nication tasks can be quantified by asking what other resources they can be
used to simulate. In particular, this can be done by asking how many of them

are needed to create a Bell state.

Before this can be done, the actions that the parties should be allowed
to perform in these protocols must be established. Clearly, any action which
can create Bell states starting from no initial entanglement, such as allowing
quantum interactions or quantum channels between the parties, must be ruled
out. In contrast, the teleportation and superdense coding protocols consume
entanglement and hence provide an insight into the type of action that should
be allowed. In both of these protocols, Alice and Bob’s actions always consist
of performing operations locally on their own subsystems and communicating
with one another via classical channels. Generally, this type of action is known
as Local Operations and Classical Communication (LOCC). LOCC is quite a
general class of actions to allow because it typically consumes entanglement
and never generates entanglement on average. Some results on the quantifica-

tion of entanglement under LOCC are reviewed in the following sections.

1.3.1 Bipartite pure state entanglement

Suppose Alice and Bob share a bipartite state |¢) ;5 in a finite dimensional
Hilbert space Hap = C% @ C98, where C% is the Hilbert space of Alice’s
portion of the system and C9? is the Hilbert space of Bob’s portion of the
system. The entanglement properties of |¢),5 will be unaffected if either
Alice or Bob perform a reversible operation, such as a unitary operation, on

their portion of the system. This leads to the notion of local equivalence of
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states defined as follows.

&) ap ~ |0) ap iff AU € U(da),Ug € U(dp)
s.t. 1) ap = Ua®@Up|[9) 4

(1.20)

Since the entanglement properties of locally equivalent states are the same,
it is convenient to use a unique canonical representative of each equivalence
class under the relation (1.20). This is provided by the Schmidt form [82],
which is given by

[9)an ~ D V/Pilida ©ids (1.21)

where >°.p; =1, p1 > p2 > ... > pa > 0 and d = min(da,dp). It follows
from this that all states with the same Schmidt form are locally equivalent.
The number of non-zero coefficients in this form is called the Schmidt number
of the state and is denoted Ng}, (|$) 45). The Schmidt decomposition is used
extensively in chapter 3.

The proof of (1.21) can be illustrated simply for the case where dy = dp =
d. In this case, a general pure state can be written as [¢) , 5 = Z;{k:l ik [J) 4®
|k) g, where 3, a3, = 1. Alocal unitary operation then transforms this state

to
)4 =Ua®Up |¢>AB

= ij jpUa|j) s @ Up k) g (1.22)
= 2 jtmn Cmn(Ua)m; [7) 4 © (Up)uk k) g
where (Ua) ;i = (j|4 Ua |k) 4 are the components of the matrix representation
of Uy in the computational basis and similarly (Ug), = (|5 Ug |k) 5. Thus,
regarding oy, as the components of a d x d matrix, the transformed coefficients
can be written as

o =ULaUp (1.23)

By the singular value decomposition [17], U4 and Up can be chosen such
that o' is diagonal with components given by the singular values of «, which
are the eigenvalues of v aaf. Furthermore, the normalization of « implies that

the squares of the singular values sum to one. Finally, the singular values may
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Figure 1.3: Schematic diagram of pure state entanglement distillation and
dilution.

be placed in any order along the diagonal of o/, since the permutation matrices
required to do this are unitary. Thus, choosing them to be in non-increasing
order makes the decomposition unique.

For the case where d4 # dp the matrix a will not be square. This can be
dealt with by embedding the smaller subsystem in a larger Hilbert Space and
padding the matrix o with zeroes appropriately.

Note that the matrix aa' is simply Alice’s reduced density operator ex-
pressed as a matrix in the computational basis. Similarly, the matrix afa is
Bob’s reduced density operator in this basis and it has the same eigenvalues.
Thus, the Schmidt coefficients are given by the square roots of the eigenvalues
of either of the reduced density operators and the Schmidt number is given by

their rank.

Entanglement distillation and dilution

Since an arbitrary state, |¢) 45, is locally equivalent to its Schmidt form, ques-
tions about how many Bell states can be created from |¢) ,5 via LOCC can
be addressed without loss of generality by restricting to states of this form.
The problem is also greatly simplified by allowing Alice and Bob to process

multiple copies of |¢) 45 collectively. The general framework is illustrated in
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fig. 1.3. Initially, Alice and Bob start with n copies of |¢) ,5 and by perform-
ing collective LOCC on them they obtain m Bell states. Similarly, they could
start with Bell states and perform LOCC to obtain the state |¢) , 5. Protocols
for achieving these tasks are known as entanglement distillation and dilution
respectively.

The two most commonly used entanglement measures are the entanglement

of distillation Ep and the entanglement cost E¢, defined by

Ep (|¢) 45) = lim max o
AP ”*OO|¢>>%LOCO\¢>+>%( ) (1.2
Ec (|¢)ap) = lim min ”)

o0 o) JE LOCC6) 3

Ep is the upper limit on the number of Bell states that can be “distilled” per
copy of the state |1)) ,5 and E¢ is the lower limit on the number of Bell states
it “costs” to form each copy of the state by dilution.

For bipartite pure states, the process of converting states to singlets via
LOCC is asymptotically reversible, i.e. Ep and Eo are the same. They are
given by the following formula [8].

Ep(|0) ap) = Ec (|6) 45) = —Trpalogy pa = —Trpplog, ps
= —> ;p;ilogyp;

(1.25)

The quantity £ = —Trp log, pa is also known as the entropy of entanglement.

To illustrate how this works, consider a protocol for distilling two-qubit
states that achieves this asymptotic limit. Without loss of generality, sup-
pose Alice and Bob start with n copies of the state |¢) 45 = /1 —p|00) 45 +
VP |11) 4 5- The total state of their system will be

) = (VI=ploo) + o)) (1.26)

The next step is for Alice to perform a measurement on her subsystem de-
scribed by projectors onto subspaces spanned by computational basis states

with the same number of 1’s. For example the first two projectors would be
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Ty = [0)®" (0*", I, = [1000...0) (1000...0| +]0100...0) (0100...0| + ...+
10000...1)(000...1%
Expanding (1.26) gives 2" terms, of which there are (Z) terms where exactly

k of Alice’s qubits are in the state |1). Each of these terms has a coefficient
/P¥(1 — p)»~*. Thus, the probability of outcome k is

P = () )t (1.27)
i.e. a binomial distribution with parameter p. For large n this distribution
will be strongly peaked around the mean value k& = np. If Alice obtains the
measurement outcome k then the state will be an equal superposition of (Z)
orthogonal terms, where each term is a product of a state with exactly k ones
on Alice’s side with the same state on Bob’s side. Such a state is entangled
and it remains to show how it can be transformed into Bell states.

In the large n limit®, the number of terms in the superposition will be

< " ) = ! ~ ) — rh(r) (1.28)

)~ )l =)l ™ (227 ()

e

where h(p) = —plog, p—(1—p) log,(1—p) is the Shannon entropy and Stirling’s
approximation in the form x! ~ (z/e)” has been used.

If nh(p) happens to be an integer, then there is a local unitary transforma-
tion that takes the state to a product of nh(p) Bell states. This is because a
product of m Bell states has Schmidt number 2™ and the Schmidt coefficients
are all equal. The existence of a local unitary transformation then follows be-
cause all states with the same Schmidt decomposition are locally equivalent.
Of course, nh(p) need not be an integer, but if Alice and Bob perform the
above protocol for [ batches of n copies of the state then they will end up
with a state with N = (”) (") o (,Z) equally weighted terms in its Schmidt

ki/ \k2

decomposition, where each k; is close to np. For any € > 0 this number will

4Tf the |0) and |1) states are the spin down and spin up states of a spin-1 particle then

2
this is a measurement of the total spin of Alice’s system.

SFor simplicity, the asymptotics are only sketched here. A more rigorous treatment can
be found in [8].
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eventually be close to a power of 2 for some [, i.e. Ve > 0,3r; € Z" such that
2" <N < 2"(1+¢) (1.29)

When this occurs, Alice can project the state into a subspace of dimension 2,
succeeding with probability (1 —€), and then Alice and Bob can perform local
unitary operations to obtain r; Bell states. r; will typically be close to nlh(p),
so they have succeeded in distilling h(p) Bell states for each copy of the state
they started with.

In this description, only local operations by Alice and Bob have been men-
tioned so far. However, Alice would also have to communicate her measure-
ment results to Bob so that he knows the subspace in which the resulting state
lies in order to implement his local unitary transformation. Equivalently, he
could simply replicate the measurements performed by Alice on his side be-
cause the form of the state guarantees that he will obtain the same outcome
and not disturb the state further.

To complete the proof of (1.25), one needs to show that the state |¢) can be
diluted using h(p) Bell states for each copy of the state. This can be done using
quantum data compression, details of which can be found in [83]. Specifically,
Alice prepares multiple copies of the state |¢) locally, compresses one qubit
from each state and then uses Bell states to teleport the compressed states to
Bob who can then decompress them.

The reversibility of entanglement distillation and dilution for pure states is
used in chapter 3 in the discussion of collective processing of quantum opera-
tions. The entropy of entanglement is also used as an entanglement measure

in that chapter.

Single-copy entanglement manipulation

Whilst the entropy of entanglement is the unique measure of entanglement
for bipartite pure states in the sense discussed above [77, 96], there are still

other questions that could be asked to give a more detailed classification of
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entanglement. For example, given just a single copy of the state |¢) , 5, which
other states can be obtained with certainty by LOCC? The answer to this
question was provided in [73], where the following result was obtained. First

define the quantities
k
M (10) ap) = Y_ps (1.30)
j=1

where p; are the Schmidt coefficients of |¢) , 5 for j < Ng, (|¢) 45) and p; = 0
otherwise. Then |¢') ,5 can be obtained with certainty from a single copy of

|6) . by LOCC iff

My (16) ap) < Mk (|¢45)) (1.31)

with equality for & > max (Nggp, (|0) 45) » Ngep, (167) 45))- (1.31) is an exam-
ple of a majorization relation and these are discussed in more detail in chapter
2, where they are compared to the rather similar classification of two-qubit
Hamiltonians that is derived there. The quantities M, are known as entangle-
ment monotones and they can also be regarded as entanglement measures.
The majorization result shows that a Bell state cannot be distilled with
certainty from a single copy of any partially entangled two-qubit state. How-
ever, it can be done if a probability of failure is tolerated. To illustrate this,

suppose Alice and Bob share a state |¢),5, = /P[00),5 + VI —p|11) 45,

where = < p < 1. Alice can perform a measurement described by the op-

1
2
erators M; = 1/% 10) 4 (O] 4 + 1) 4 (1] 4, Mo = % 0) , (0] ,. Outcome 1
occurs with probability 2(1 — p) and results in the production of the Bell state
|¢T) 45 Outcome 2 represents a failure, since the resulting state is a product
00) 4.

In fact, this is the optimal procedure generating a Bell state from a single
copy and it is an example of a general result proved in [92], where the optimal

probability of generating a single copy of a state |¢’) ,5 from a single copy of

the state |¢) ,5 via LOCC is shown to be

M. (19) a)

35 (9 up) (1:52)

P(|6) 45 ILCQ W>AB) = mkin
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However, the relations (1.31) and (1.32) do not represent the end of the
story as far a single copy pure state entanglement manipulation is concerned.
In particular, it is possible to convert between some pairs of states that do not
satisfy (1.31) via LOCC and boost the probability (1.32) if Alice and Bob have
access to another entangled state, even if this second state is left unchanged
by the protocol [56]. This effect is known as entanglement catalysis because
the second state plays a role analogous to a catalyst in a chemical reaction.

For example, suppose Alice and Bob want to convert the state

2 2 /1 /1
¢>AB = \/;|11>AB + \/;|22>AB + E ‘33>AB + 1_0 |44>AB (1'33>
into the state
\f|11 )i+ \f|22 )i+ \[|33 (1.34)

via LOCC. These states do not satisfy (1.31) and (1.32) indicates that the

maximum probability of success is ‘51. However, if they also share the state

V) g = \/§|11>A’B’+\/§|22>A/B’ then the states |¢) , s ®|V) 4 p and @) , 5@

|1) 4 g do satisfy (1.31) and the conversion may be performed with certainty.

Axiomatic approaches to entanglement

So far, only measures of entanglement that have an operational interpretation
in terms of transformations between states that can be achieved via LOCC
have been considered. However, one can also take a more abstract approach
and construct systems of axioms that entanglement measures should obey
[88, 49, 96]. Then, one can construct general functions that satisfy the axioms
and use them as entanglement measures. Probably the most important of
these axioms is that entanglement measures must be monotonically decreasing
under LOCC.

Such an approach is most useful for quantifying mixed state entanglement,
for which there are fewer generally applicable results about the operational
measures of entanglement than for pure states. However, there are some ben-

efits to taking this approach in the pure state case as well. In particular, all
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entanglement measures on pure two-qubit states, satisfying monotonicity un-
der LOCC, must be monotonic functions of one another since, for this case,
(1.31) is a total order on the states. This is a useful property because some of
the more general entanglement measures are easier to work with analytically
and properties of the operational measures can then be derived using mono-
tonicity. This technique is used in chapter 3, making use of the following two

entanglement measures. The linearized entropy of entanglement, defined by

R(|¢)up) =1—Tr (p3) =1-> p} (1.35)

J

and for two-qubit states the concurrence [101], defined by

C10)an) = |(Wlan ot @ 16 4| = (1 =p)  (136)

where p; = p and ps = 1 — p. The concurrence is related to the entropy of

entanglement by

E(C)=h (% (1+ m)) (1.37)

where h (z) = —zlogyz — (1 — x) logy(1 — x) is the Shannon entropy. This is

a convex function of C' (i.e. upwardly curving).

1.3.2 Bipartite mixed state entanglement

For mixed states, one can define Ep and E¢ in a similar way®. However, no
general formula has been found for them, so it is useful to consider alternative

entanglement measures.

Entanglement of formation

The entanglement of formation is defined to be

mln Zp] (1)) %§?<E> (1.38)

SHowever, there are a few subtleties concerning protocols which do not distill pure Bell
states exactly, but only approach them in the asymptotic limit [11, 79].

21



Chapter 1. Introduction

where the minimum is taken over all ensembles {p;,|¢;)} such that p =
> pi ) (¥;]. A decomposition of p that achieves this minimum is called
an optimal decomposition of p. An ensemble of states with density operator
p could be prepared with Er(p) singlets and LOCC by preparing the optimal
state |1;) with probability p; and then discarding the information about which
state was prepared. It is not known if multiple copies of p could be prepared
with less than Er singlets by making use of entanglement between the copies,
i.e. it is not known if Er = E-7. Nevertheless, Er is still a useful entangle-
ment measure and it is used in chapter 3. An important property of Er that
is used in that chapter is its convexity. That is, for any set of density matrices

p; and probabilities p;, the following holds.

Ep <ijpj> < ijEF (p5) (1.39)

This is a simple consequence of the minimization in the definition (1.38)

The general formula for Er is only known for the case of two-qubits [101]
and the procedure to calculate it in this case is as follows. Firstly, the con-
currence for a mixed state is defined in a similar way to the entanglement of

formation, i.e.

mln Zp] (|¥)) r\r&w(@) (1.40)

From the convexity of (1.37) it follows that for any particular decomposition
(E) > E((C)). Thus, the lower bound Er(p) > E(C(p)) is obtained. Note
that this bound would be an equality if there is a decomposition that minimizes
(C) in which each state |¢;) has the same value of C (]¢;)). The formula for
Er given in [101] is obtained by constructing such a decomposition.

The result can be conveniently summarized by defining the spin-flipped

density operator

P =09 R 09p’ 09 & 0y (1.41)

"However, Ec can be defined as the regularized version of the entanglement of formation
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and denoting the eigenvalues of pp by A;, ordered such that Ay > Ay > A3 > 4.

The concurrence for two-qubit mixed states is found to be

Cp) = max {0,/ A = Vs = VAs = VA (1.42)

and the existence of a decomposition in which each state has this concurrence

implies that the entanglement of formation is given by
1
Er(p) = h (5 (1 + V- O2>> (1.43)

Note that there are further interesting features of mixed state entangle-
ment, which have not been reviewed here, such as the existence of bound en-
tangled states, from which no Bell states can be distilled despite the fact that
they are entangled [48].

1.3.3 Multi-party entanglement

Currently, there is no unique way of quantifying entanglement for n > 2 par-
ties. Even for pure states of 3 qubits there is no single state, like |¢T) , 5 for
pure bipartite states, into which all states can be converted reversibly in the
asymptotic limit. Indeed, for each n, there exists genuine n-party entangle-
ment which is not reversibly convertible into entangled states shared by < n
parties [69]. For 3-qubits, it is known that more than one type of genuine three
party entanglement exists [36, 2].

Despite these complications, some of the concepts from bipartite entan-
glement can be usefully generalized. Particularly important is the idea that
locally invariant quantities, like the Schmidt coefficients of bipartite states,
can be used to characterize entanglement. Invariants under Local Unitary
(LU) and more general transformations, such as Stochastic Local Operations
and Classical Communication (SLOCC), have been extensively studied in this
context [68, 23, 70, 86, 24, 44, 89, 90, 91, 54, 87, 53]|. These will be described
in more detail in chapter 4, where some methods of measuring them are pre-

sented.
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Multi-party entanglement is of particular interest in quantum computing,
which involves entangled states of large numbers of qubits. It has been shown
[58], at least in pure state models, that multi-party entanglement is necessary
for quantum algorithms to exhibit exponential speedup over their classical
counterparts. In other words, an efficient simulation of a quantum algorithm
is possible on a classical computer if this entanglement is not present at some
point during the execution of the algorithm. However, the same paper also
shows that this is not a sufficient condition. This provides one motivation
for studying the entanglement properties of quantum dynamics, since the op-
erations involved in a quantum algorithm play a role that is perhaps more

fundamental than the states.

1.4 Dynamics as an Information Resource

The quantification of entanglement presented so far is appropriate when dis-
cussing quantum communication protocols, such as teleportation or cryptog-
raphy, where the local manipulation of quantum states is the primary focus
of interest. However, in quantum computing and quantum control theory, the
dynamics of a quantum system, as described by Hamiltonians, unitary opera-
tors and measurements, is the central focus of interest. There are essentially
three areas in which quantum dynamics can be considered as an information

resource.

e Computation - Quantum gates, such as the controlled-not (CNOT) gate
defined in the next section, can be used to perform the steps of a quantum
algorithm. The first question that arises in this area is to establish which
sets of gates are universal for quantum computation, i.e. which sets of
gates can be combined to generate an arbitrary unitary operation. One
example of such a universal set is the CNOT and all single qubit unitaries
[5]. Once a universal set is established, the difficulty of generating a

particular unitary operation may be quantified by asking how many gates
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from the universal set are needed to generate it. To address issues of
computational complexity it is sufficient to establish whether a uniform
family of unitaries representing a quantum algorithm with input size n
can be generated with a number of gates that is polynomial in n or not.
However, for the practical purposes of building a quantum computer it
is also relevant to establish the exact number of universal gates required

to generate a particular gate to within a given tolerance of error.

Communication - Quantum dynamics can also be used to perform com-
munication tasks. For example, if Alice and Bob have the ability to
generate a particular interaction Hamiltonian or to perform a quantum
gate or measurement on their joint system, then this might be used to
generate entanglement. This in turn might be used for teleportation or
superdense coding. Dynamical resources can also be used to transmit
classical communication directly or to simulate the action of some other
quantum dynamics via LOCC. Also, generating a particular quantum
evolution can itself be regarded as a communication task that can be
achieved using other types of resource. For example, it is possible to
generate a quantum gate acting on an unknown state of two separated
parties using only entanglement and LOCC. Some examples of all these

types of protocol are given in §1.5.

Statistics - The final way in which quantum dynamics can be regarded
as a resource is in statistics, particularly via the role of measurements in
estimation theory. For example, suppose there is a source which produces
quantum states p which depend on an unknown parameter 6. The first
question that arises is to establish which measurements are sufficient to
infer the value of #. When the unknown parameters are all the coefficients
of the state, this is known as quantum state tomography [85, 64, 32, 42],
which is a well established field of research. One might then try to

establish the minimum number of measurements and copies of the state
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required to determine 6 to a given accuracy. This is known as quantum
parameter estimation [6]. A relatively new area of this research is to
look at these questions when 6 is a parameter related to the entanglement
properties of p. In particular, chapter 4 is concerned with these questions

for the local invariants of multi-party quantum states.

These three areas are all closely linked to one another. In particular, some
communication problems can be used to establish lower bounds on computa-
tional problems. For example, the minimum number of CNOTSs required to
generate a unitary by LOCC places a lower bound on the number of CNOTs
needed to generate the gate using the universal set of the CNOT and all sin-
gle qubit unitaries. This is because the single qubit gates are a subset of
the operations allowed in LOCC. Also, in parameter estimation, restricting
the communication resources available will generally affect the quality of es-
timates that can be achieved. For example, the measurements used might be
restricted to those that can be implemented by LOCC between the multiple
copies of the state. Clearly then, any theory that attempts to classify and
quantify dynamics as a physical resource must encompass all three of these

areas.

1.5 Examples of using Quantum Dynamics as

a Communication Resource

Of the three areas discussed in the previous section, the use of dynamics as
a communication resource is the most recent development. To illustrate this,
some examples of the use of quantum gates as a communication resource are
given and the analogous ideas for quantum measurements are briefly discussed.

The gate examples were first given in [29, 40].
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1.5.1 Unitary Operators
Example: The CNOT gate

Consider the CNOT gate, which acts as follows on the computational basis.

00045 — 100) 45
— [01) 45 (1.44)
ap — 1)agp
1) — [10)4p
This gate performs a bit-flip on Bob’s qubit if the state of Alice’s qubit is |1) ,
and does nothing to Bob’s qubit if Alice’s qubit is in the state [0),. Alice’s
qubit is called the control and Bob’s is the target and this will sometimes be
shown by denoting the gate as C NOT4 .5 when the distinction between the
control and target qubits is important. It is possible to generate 1 ebit of
entanglement with a CNOT by acting on the product state \% (10) + 1)) , ®
|0) 5 to obtain \/Li (100) +[11)) 45 = [67) -

It is also possible to use a CNOT to send 1 cbit from Alice to Bob and 1
chit from Bob to Alice simultaneously. To do this, Alice and Bob start with
the Bell state |¢p1) 5. If Alice wishes to encode a 0 then she does nothing
and if she wishes to encode a 1 then she applies o1 to her qubit. Similarly,
if Bob wishes to encode a 0 he does nothing and if he wishes to encode a 1
he applies o3 to his qubit. They then apply the CNOT operation. The states
corresponding to each message before and after applying the CNOT are shown
in table 1.1. In each case, the final state is a product. Alice’s state depends
only on Bob’s message and her state when Bob’s message is 0 is orthogonal
to her state when Bob’s message is 1. Bob’s state depends on Alice’s message
in a similar way. Therefore, they can both determine each other’s messages
with certainty via a projective measurement. Specifically, Alice measures the
observable g on her qubit and Bob measures the observable o3 on his.

Conversely, one may ask how much entanglement and classical communi-

cation is required to implement a CNOT. This can be done by using 1 ebit
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Messages | State prepared | State after CNOT
Alice | Bob

0 0 67) ap 7 (0) +[1)) 4 ®[0)

0 1 07) B \/Lg (10) = 1), ® 10}

1 0 [¥7) ap (0 + 1)@

1 1 Y7 aB \/L§ (1) =), ®[1)p

Table 1.1: States involved in the protocol for using a CNOT to communicate
1 cbit in each direction.

and 1 chit of classical communication in each direction. To see this, note
that implementing a CNOT requires the transformation of an arbitrary un-
known two-qubit state, |¢),5 = («]00) 4+ 3|01) +v[10) +0|11)) 5 to the
state CNOT 45 [¢) 45 = (|00) + 5|01) + v|11) +6{10)) ,5. Suppose Alice
and Bob also share the Bell state |¢™) ,, 5. The first step is for Alice to per-
form a parity measurement on her qubits A and A’, defined by the projectors
I = 100) 44 (00] g0 4 111) g ar (11| g, 1T = 101) 45 (O1] 4 47 + [10) 440 (10] 40

If she obtains the + outcome the resulting state will be

(a:|0000) 4+ 310010) + ~ [1101) + 6 |1111)) s 4 g (1.45)
and if she obtains the — outcome the state will be

(a'|0101) 4+ B]0111) + ~ [1000) + 6 [1010)) 4 4/ 55 (1.46)

In either case, Alice can disentangle the qubit A’ from the rest of the system by
performing a local C NOT 4. 4» operation and then this qubit can be discarded.
After discarding A’, the states (1.46) and (1.45) differ only by a bit-flip of qubit
B’. Therefore, Bob can correct the state obtained from the — outcome to that
of the + outcome by performing a o, operation on this qubit. In order for Bob
to know whether he needs to do this, Alice needs to communicate 1 cbit to
him to inform him of her measurement outcome. After this, the state of the

remaining three qubits will be

([000) 4 B]010) 4+~ [101) + 6 [111)) , 5 (1.47)
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The next step is for Bob to perform a local CNOTpg/_, g operation, which gives
(a|000) 4+ 3010) 4~y [111) + & |101)) 455 (1.48)

Bob then performs a measurement on his qubit B’ in the basis
{\/L5 (10) + |1>)B,,\/Li (J0) = 1))z }. This results in one of the following two
states
1
(]00) + 501) +~[11) +6[10)) 45 @ 7 (10) + 1)) (1.49)
1
V2

In both cases, the qubit B’ is disentangled from the rest of the system and

(@]00) + 4101) =y [11) =6 10)) 45 @ —= (|0) = [1)) (1.50)

may be discarded. In the first case, the CNOT has been performed as desired,
but in the second case Alice needs to apply o3 to her qubit A. In order for her
to know whether to do this or not, Bob has to transmit 1 cbit to Alice.

Taken together, these three protocols show that a CNOT can be generated
with the same resources as it can be used to generate, namely 1 ebit and
1 cbit in each direction. This implies that a CNOT cannot generate more
entanglement and classical communication resources than these and that it
cannot be generated with less.

To see this, suppose that a CNOT could generate more than 1 ebit. Then,
it would be possible to use an ebit to generate a CNOT via LOCC and use
the resulting CNOT to generate more than 1 ebit of entanglement. However,
entanglement cannot increase under LOCC, so this is not possible.

Similarly, a CNOT operation cannot be used to transmit more than 1 cbit
in each direction because this would allow faster than light communication,
violating causality. To see this, suppose the CNOT could be used to transmit
more than 1 cbit in each direction. Alice and Bob can implement a proto-
col to generate a CNOT, but instead of transmitting the required classical
information they simply guess each other’s message. Since they both have to
guess a cbit, this will succeed with probability one quarter. They can then use

the imperfect, but instantaneous CNOT to communicate more than 1 cbit in
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each direction. More than 2 cbits communicated correctly with probability one
quarter represents a non-zero amount of information. Thus Alice and Bob have
managed to communicate some information to one another instantaneously.

This sort of reversibility argument can be applied to any quantum operation
when it has been shown that it can generate the same amount of entanglement
and classical communication resources as it takes to generate the operation.
For the remaining examples, the optimality of the protocols discussed will be
implied by demonstrating this reversibility.

The interaction of the CNOT with the other communication resources in

the above protocols can be conveniently summarized by the following relations.

1CNOT => lebit
1CNOT +1ebit => lcbity g +1cbitg_.a (1.51)
lebit 4+1cbits_p+1cbitg_.4, =>1CNOT

Note that although a CNOT can be used to generate either an ebit or 1 cbit
in each direction, it does not appear to be possible to generate both simulta-
neously. Also, the second line shows that an ebit is consumed in the classical
communication protocol. Thus, although the protocols are reversible if the
entanglement or classical communication resources are counted on their own,
they are not reversible with respect to the total amount of resources generated

and consumed.

Example: The SWAP gate

As a second example, consider the SWAP gate, which acts on product states

as follows.

SWAP A [) 4 @ [9)p = |0)4 ®@ [¥) 5 (1.52)

The SWAP gate can be used to generate 2 ebits of entanglement if Alice and
Bob are allowed to hold ancillary qubits in addition to the qubits that the
SWAP acts on. Let the ancillary qubits be labelled A’ and B’ respectively.
Suppose Alice and Bob prepare the state |¢T) 44 ® [¢T) zp/, Or equivalently
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1.5. Examples of using Quantum Dynamics as a Communication Resource

any product of locally maximally entangled states. This state contains no
entanglement between Alice and Bob. After the application of the SWAP to
qubits A and B the state becomes |¢T) ;5 @ |¢p1) 5, which contains 2 ebits.

The SWAP gate can also be used to send 2 cbits in each direction simul-
taneously. Alice and Bob start with the state |¢T) 5 ® |¢7) 5. Alice then
encodes her message in qubit A and Bob encodes his in qubit B using the same
encoding as in the superdense coding protocol. Applying a SWAP operation
then acts like a bi-directional quantum channel, sending the qubit A to Bob
and the qubit B to Alice. They can then discover each other’s message using
the decoding part of the superdense coding protocol.

Conversely, the SWAP, or indeed any two-qubit operation, can be imple-
mented with 2 ebits and 2 cbits in each direction. To do this, Alice teleports
her qubit A to Bob, Bob implements the operation locally and then teleports
the qubit back to Alice. This also implies that no two-qubit operation can
generate more than 2 ebits or transmit more than 2 cbits in each direction,
and hence the SWAP operation is optimal in this sense.

The SWAP example also shows that ancillary qubits may be required for
optimal entanglement generation and classical communication. Indeed, when
there are no ancillas the entanglement in a state is always invariant under the
SWAP operation. In chapter 3, it will be shown that the presence of ancillas
typically increases the amount of entanglement that can be generated from an
arbitrary two-qubit gate.

The results for the SWAP operation can be summarized by the relations

1SWAP => 2ebits
1SWAP +2ebits => 2cbitss_.p +2cbitsg_ 4 (1.53)
2 ebits +2 cbitss_,p +2cbitsg_,4 => 1 SWAP

Comparing the results for the CNOT and SWAP gates shows that 2 CNOTs
are equivalent to a SWAP under LOCC, since both can be reversibly converted

into 2 ebits of entanglement.
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1.5.2 Measurements

As well as unitary gates, one can also perform communication protocols us-
ing quantum measurements as a resource. Some authors have looked at the
amount of entanglement required to implement measurements in different sce-
narios [34, 57, 81]. The entanglement and classical communication properties
of measurements are slightly more subtle than those of unitary gates, since
they typically depend not only on the POVM {E;} to be implemented, but
also on the measurement operators M; (where E; = MJTM]») used to realize
it. They also depend on how the classical information obtained about the
measurement outcomes is distributed amongst the parties. For example, all
two-qubit measurements can be implemented with 2 ebits and 2 cbits in each
direction by Alice teleporting her half of the state to be measured to Bob, who
performs the measurement locally and then teleports Alice’s state back to her.
However, in this scheme, only Bob learns the outcome of the measurement
and further classical communication would be required if Alice is to know the
outcome as well.

Nevertheless, examples of converting measurements to entanglement and
classical communication and back again can be developed along similar lines
to the unitary gate examples discussed above. In currently ongoing work, I
have found that a measurement in the Bell basis has very similar properties
to the SWAP gate and a measurement of parity has similar properties to the
CNOT gate in this regard. This work is currently unpublished, but I believe
that similar results can be derived for a large class of other measurements as

well.

1.6 Overview

The remainder of this thesis is structured as follows.
In chapter 2, I discuss the problem of Hamiltonian simulation. Given an

interaction Hamiltonian H, which other Hamiltonians may be simulated effi-
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ciently by interspersing evolutions under H by local operations? The results
for two-qubit Hamiltonians are conveniently summarized by a simple partial
order relation on the space of Hamiltonians, similar to the majorization rela-
tion (1.31) for states. This work has been published in [10].

Chapter 3, is devoted to the entanglement generating capabilities of quan-
tum operations. It generalizes some of the notions in §1.5.1 to arbitrary two-
qubit operations. I define the entangling capacity of a quantum operation as
the maximum amount of entanglement per operation that can be generated by
repeated application of the operation on an arbitrary input state and LOCC.
Analytical results are presented for the case of a single application of a two-
qubit unitary with the additional restriction that no ancillas are allowed in
the input state. Numerical results are presented for the case where ancillas are
allowed. Finally, I show that collective processing of many copies of a quantum
operation is not necessary to achieve the entangling capacity. The results of
this chapter have been published in [62].

The focus of chapter 4 is to find ways of determining the entanglement prop-
erties of quantum states directly by measuring multiple copies of an unknown
quantum state. In particular, I consider the multi-party case and determine
networks for measuring the invariants of quantum states under LU and SLOCC
transformations. I also analyze the statistical efficiency of these networks when
only a finite number of copies of the unknown state are available. The results
of this chapter have been presented in [63].

Finally, chapter 5 concludes with some open questions and a general dis-

cussion of the possible applications of the results presented in this thesis.
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Chapter 2

Hamiltonian Simulation

2.1 Introduction

One of the central problems in quantifying the entanglement properties of a
quantum interaction is to determine which other interactions it can be used to
simulate under LOCC. In many physical implementations of quantum comput-
ing, interactions between qubits proceed by some Hamiltonian, which is always
present in the system. In addition, it is usually possible to perform local op-
erations on the individual qubits and thus simulate the effect of a different
interaction Hamiltonian. This chapter describes the most efficient protocols
for doing this with 2-qubit interactions [10].

Suppose Alice and Bob each have a qubit, and the qubits interact with
each other via a non-local Hamiltonian H, which is continually acting on the
joint system according to the Schrodinger equation. Additionally, they are
each allowed to perform local operations on their own qubit. To simplify the
problem, it is assumed that the local operations can be done arbitrarily fast
compared to the interaction. This assumption is justified by the fact that the
coupling coefficients in the interaction terms of typical Hamiltonians used in
experiments aimed at demonstrating the principles of quantum computing are
small compared to the coefficients of the single-particle Hamiltonians that can

be generated. If Alice and Bob were to do nothing, the evolution of the qubits
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Alice_

e—iHt] e~ iHto —iHt

Bob_|

Figure 2.1: Network diagram for the two-qubit Hamiltonian simulation proto-
col

for time ¢ will be given by the operator U = e~*#*, However, they could instead
allow the Hamiltonian to act for a series of shorter times t¢,ts,...,tx such
that Zjvzl t; = t interspersed with fast local unitary operations. This leads
to an evolution that would have occurred if there were a different interaction
Hamiltonian H' present acting for a time t’. We say that the protocol simulates

the action of H' running for ¢’ with efficiency t'/t.

If the protocol is required to work with the same efficiency for all possible
values of ¢, then not only must it result in e """, but it must simulate the
entire dynamics that would have occurred if H' had been present, since it
must work for arbitrarily small ¢t. This is called dynamics or time independent
simulation and this is the case dealt with here. Note that this is different to

. . . . . T4
gate or finite time simulation, where H is used to generate e

just for a
particular value of #'. Since this work has been published, optimal protocols

for two qubit gate simulation have also been found [59, 95].

2.2 The 2-qubit simulation protocol

For now, the analysis is restricted to the case where Alice and Bob are only
allowed to evolve their joint system according to H, interspersed with single-
qubit unitaries on their systems. In appendix 2.B it is shown that this is the
most general type of protocol needed to achieve the optimal efficiency if the if

the object is to simulate H' with certainty. The evolution will be given by the
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2.2. The 2-qubit simulation protocol

unitary operator
N
e — (H a; ® Bje_thj) c®d (2.1)
j=1
where @;,b;,¢ d € U(2) (see fig. 2.1 for a network diagram). It is convenient
to rewrite this in terms of a conjugation action as follows:
il al topt
e—iH/t/ _ (H a; ® bje_thja;[- ® b;) C®d _ (H e—z[aj®ijaj®bj]tj> C®d (22)
j=1 j=1
where a;,b;,c,d € U(2) are suitably defined in terms of a;, Bj, ¢ and d. Specif-
ically, a; can be defined recursively by a; = a1, aj41 = a;¢;a;41 and then
¢ = ayncy. Similarly for b; and d.

The most general 2-qubit Hamiltonian is given by

3
H=9L®L+d ¢0L+hL®F -6+ Y Ryoj®o; (2.3)

jik=1
where v, Rj, are real numbers and 07,3 are real 3-dimensional vectors. In
dynamics simulation, the protocol must work for arbitrarily small ¢. Therefore,
let 0t be a short evolution time. Then, the Baker-Campbell-Hausdorff formula

gives

p—i(HOt+O(512)) _ ,—ivdt (e—id‘~c?§t 2 6—i§~&‘6t> o= 0 ko1 Rjkos @0kt (2.4)

To first order in dt, the & and 5 terms generate a purely local evolution. The ~
term generates an global phase, which is physically irrelevant. Thus, any inter-
action is due to the Rj; term only. Therefore, by continuously interspersing the
evolution due to H with local unitary transformations, the &, ﬁ and 7 terms
may be removed. Note that any local unitary evolution may be simulated by
choosing ¢ ® d appropriately. Thus, the local terms and the ¢ ® d operation
may be neglected, and only Hamiltonians of the form ) ik Bro; @ oy need to

be considered. Expanding eq. (2.2) to first order in ¢ yields

N
sH' = pja; @ bjHa! @b} (2.5)

=1

where s = t'/t is the efficiency and p; = t;/t, which implies that ) ipj=1.
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Chapter 2. Hamiltonian Simulation

Definition 2.1. H’ can be efficiently simulated by H (H' <s H) if there
exists a simulation protocol with s = 1. If H <g¢ H and H <g H' then they
are equivalent (H' =g H ).

Note that it is always possible to simulate the zero Hamiltonian by choosing
Piosa = 3,a; =0 for j =1,2,3, ay = I, and b; = I, for j = 1,2,3,4. This
can be generalized to bipartite Hamiltonians on arbitrary dimensional Hilbert
spaces [10]. Thus, if there is a protocol with s > 1, then there is also a protocol
with s = 1, since the zero Hamiltonian may be simulated for the remaining
time.

Also, it is possible to simulate an arbitrary 2-qubit Hamiltonian with some
simulation factor s, providing at least one of the coefficients R;j, is non-zero.
To see this, note that for any o;, o; there exist unitary operations U;;1 such

that

Uij:l:o-iU'E'i = :i:O'j (26)

)

These operations form the single-qubit Clifford Group [43], which is generated

by the following two matrices
— , ' (2.7)

It can be assumed without loss of generality that Rs3 > 0, since otherwise
a conjugation with Uss— ® I, may be applied. Then by choosing pi234 =
%;7“172 = Iy,a34 = 03,b13 = I3,b24 = 03, the Hamiltonian o3 ® o3 may be
simulated with some simulation factor, although this is not necessarily the
most efficient simulation. o3 ® o3 can be used to simulate an arbitrary product
Hamiltonian of the form o;®0}, by conjugating with Clifford Group operations.
An arbitrary 2-qubit Hamiltonian may then be simulated by short evolutions
under each o; ® o), with time ratios according to Rj;. The Clifford Group
construction, and hence this result generalizes to higher dimensional Hilbert

spaces as well.
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2.2. The 2-qubit simulation protocol

The problem we are concerned with can now be expressed in two equivalent

ways.

Let H be arbitrary. The optimal simulation problem, given H’, is to find a
solution, {p;,a;,b;} such that s is maximal. The efficient simulation problem

is to find all H’, such that H' <g H

Definition 2.2. The optimal simulation factor syg/ is the mazimal s such

that sH' <g H.

The two problems are equivalent because it is always possible to simulate
an arbitrary H’ using any H with some efficiency. The efficient simulation
problem can be solved by finding the optimal solution for all H’. Then all H’
with sy < 1 can be efficiently simulated. The optimal simulation problem
can be solved by finding the efficiently simulated sH’ with maximal value of
s. Thus, throughout the rest of this chapter, the solutions to both problems

are discussed interchangeably.

In the following sections, necessary and sufficient conditions for H' <g H
are derived for arbitrary H, H', the optimal simulation factor sg|g is found
and the optimal simulation strategy in terms of {p;,a;,b;} is given. These
results endow the set of two qubit Hamiltonians with a partial order, <g,
which for each H induces a convex set {H': H' <g H}. The convexity arises
because if H' <g H and H" <g H then AH' 4+ (1 — A\)H"” can be simulated
with unit efficiency by time sharing the evolution according to H between the
protocols for simulating H and H” in the ratio A : (1 — X). This set has a
simple geometric interpretation and allows the relation <g to be succinctly
characterized by a majorization-like relation. The geometric and majorization
interpretations offer two different methods to calculate the optimal protocol

and simulation factor.
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2.3 Normal form for two qubit Hamiltonians

Following the discussion in the previous section, a general 2-qubit interaction

Hamiltonian is taken to be of the form K = ij Rjro; ® oy.

Definition 2.3. The normal form of a two qubit Hamiltonian is H = Zj hjo;®
0;, where hy > hy > |hs| are the singular values of the matriz R with elements

Rjk and hg = sgn(det(R))|h3|

Theorem 2.1. Let H be the normal form of K. Then H ~g K. Furthermore,
it only takes a one stage protocol to simulate one of them with the other, so

the resulting evolutions are equivalent under local unitary transformations, i.e.
Ja,b € U(2) s.t. e = a@be al @ b (2.8)

Proof. Conjugating the evolution resulting from K acting for a time ¢ by a

local unitary a ® b gives
iK't _ g R be— it ot ® pt — e—i(a@b)K(zﬁ@lﬁ)t (2.9>

where
K' = (a®b)K(a'®0bl)
= ij Rjk(agjaf) ® (baka)
= > R Q2 Puo) @ (32, Qrmom)
= Y PTRQ)im01 @ 0 = Xy, Rip01 @ 0y

and P, Q € SO(3), since conjugating 7- ¢ by an SU(2) matrix is equivalent to
rotating the vector 7 by a matrix in SO(3). Thus it remains to show that it is
always possible to choose P and @), such that K' = H.

Let R = O1 DO, be a singular value decomposition of R, where O;,0, €
O(3), and D = diag(hy, ho, |h3|) is the diagonal matrix whose entries are the
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2.4. Simulation of normal form two-qubit Hamiltonians

singular values of R. Then

10 0 10 0
R = O] 01 0 XDl 0 1 0
0 0 det(Oy) 0 0 det(Oq)det(Os)
10 0
x[01 0 02
0 0 det(O9)
hy 0 0
= O1x| 0 hy 0 x Oy

0 0 |hs|sgn(det(R))
Note that Oy, Oy € SO(3) for all Oy, 05 € O(3). Thus, choosing P = OT,Q =

O, gives the required decomposition. O

Now, some notations suggested by the above argument can be introduced.

Definition 2.4. The Pauli representation of K is the 3 x 3 real matrix R. Dy

denotes the Pauli representation of the normal form of K.

2.4 Simulation of normal form two-qubit Hamil-
tonians

Due to theorem 2.1, only simulations that take the normal form of H to the
normal form of H’ need to be considered. Thus, eq. (2.5) can be re-expressed

as

sDp =Y piPiDpQ; (2.10)

where P;, Q; € SO(3). Since H and H' are in their normal form, hy > hy > |hs|
and hy > hi, > |h4]. Without loss of generality, two further assumptions can
be made. Firstly, assume h3 > 0, since if h3 < 0 then eq. (2.10) can be right
multiplied by S = diag(1,1, —1)

Zp] (DrS)(5Q;S) (2.11)
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where SQ;S € SO(3) and DyS = diag(hy, ha,|hs|) is of the desired form.
Secondly, note that sgjp = ésH/‘aH = asqpa- The protocol is unchanged if
eq. (2.10) is divided by Tr(Dpg). Thus, the normalization Tr(Dy) = 1 can be

assumed.

The Dy that can be efficiently simulated are precisely the diagonal subset
of the convex hull of the set {PDyQ : P,Q € SO(3)}. This convex diagonal
subset will be denoted Cz. D = 0 € Cyx because it was noted earlier that
the zero Hamiltonian can always be simulated. Indeed, Dy = 0 is an interior
point of Cy because it was noted in §2.2 that it is always possible to simulate
any non-zero H' with some efficiency s. It follows that the optimal solution
VDyg # 0 is a boundary point of Cy. Thus, the problem of optimal or efficient

simulation can be rephrased as follows:

Given H, H' can be efficiently simulated iff Dy € Cy. The optimal simu-
lation s Dy is the unique intersection of the half-line ADpgr, (A > 0) with
the boundary of Cy. An optimal protocol is then obtained by decomposing

suipr Dy in terms of the extreme points of Cp.

In fact, it suffices to consider the convex hull Py of a subset Py, € Cy. The
24 elements of P,y are obtained from Dpy by permuting the diagonal elements
and putting an even number of - signs. The proof that Cy = Py is given in

appendix 2.A, since it depends of the characterization of Py given in the next
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section. The elements of P4 are explicitly given by 7;Dym;sy, where

-1 0 0 0 01 01 0
o = I3,m = 00 1]|,me=]10 —-10],m=1|10 1],
010 0 0 00 —1
010 0 01
=100 1/|,7s 10 0{,
100 010
1 0 -1 0 0 -1 00
so=1I3,51=10 =1 0 |,8= 01 0],s3= 0 -1 0
0 0 -1 0 0 —1 0 01
(2.12)

In the next section, the geometry of Py is investigated and optimal proto-
cols for simulating any H’ are found. Then, in §2.5, the solution is restated in

terms of a majorization-like relation.

2.4.1 Optimization over Py

Since all the matrices in P,y and Ppy are diagonal, their elements can be rep-
resented by real 3-dimensional vectors. Py is a polytope with 24 (not neces-
sarily distinct) vertices that are elements of P4y. By plotting the vertices in
Psy, the equations of the boundary faces can be determined, and these give a
useful characterization of Py in terms of a set of inequalities. First consider
the simple case (hq, hg, h3) = (1,0,0), for which there are 6 distinct vertices:
(£1,0,0), (0,41,0), (0,0, £1) and Py is an octahedron, as shown in fig. (2.2)*.
There are a few other simple cases, such as hg = 0 and h; = ho, for which the
polytope can be constructed in the same way, but the most complicated case
is the generic case, hy > hy > h3 > 0, as shown in fig. (2.3).

As in fig. (2.2), fig. (2.3) is viewed from the direction (1, 1,1). Three faces
are removed to show the structure in the back. There are 3 types of faces.

There are 6 identical rectangular purple faces on the planes * = +hy,y =

!'Diagrams in this section are due to D. Leung.
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Figure 2.2: Py for the case (hy, he,hs) = (1,0,0) viewed from the direction
(1,1,1).

z2=h

z—y+z=1-2lhs

(~ha,—hi, hy) —z+y+z=1-2hs]

(h2,—h1,—h3)

y=Mh

The equations for
the faces in the
background are given
in boxes. The empty
T y faces are given by
T4+y—2z=1-2/hs] double arrows.

Figure 2.3: Py for the generic case hy > hy > hg > 0 viewed from the direction
(1,1,1).
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+hi,z = £hy. There are two groups of 4 identical hexagonal faces. The first
group of 4 consists of the 3 light blue faces in the back, and the light blue face
in the front. These are the truncated faces of the original octahedron, lying
on the planesz+y+z2=1,—-o+y—z2=1,—-c—y+z=1xr—y—2=1.
The second group consists of the 3 empty faces in the front, and the white
face in the back. They are inside the original octahedron and are parallel to
the original faces. They lie on the planes —x —y —2=1—2h3,—z+y+ 2 =
1—2h3,x—y+2=1—2hs,x+y—2 =1—2h3. Note that each hexagon in one
group has a parallel counterpart in the other group. All together, there are 7

pairs of parallel faces, so Py may be characterized by the following inequalities.

] < ha s fyl < s f2] <

—(1—2h3)§+x—i—y—|—z§1

—(1—2h3)<+x— —2<1
—(1=2h3) < —z+y—2<1

Recall from §2.4 that the optimal simulation problem can be restated as,
given Dy and Dy, find the unique intersection of the half-line ADg/, (A > 0)
with the boundary of Py. This fact can be used to explicitly work out sg g,
i.e. the value of \ in the intersection, as a function of Dyy.

The intersection is given by a vector ' = sy (R}, h, hy), so that

oy = A _ 11l
1 By )1~ AL

(2.14)

where ||7||; for a vector ¢ is the sum of the absolute values of the entries,
and ||H'||y = ||(hY, hb, h5)||1. The set Py has only 3 types of boundary faces.

Therefore, there are only 3 possibilities where the intersection can occur:

1. On the group of faces given by z+y+2 =1, —2+y—2=1,—r—y+2z =

I,z —y —z=1. In this case, ||V]|; = 1, and sg/g = T

2. On the group of faces t+y—2 = 1—2h3, x —y+2 =1—-2hs, —x+y+2z =
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1 —2hg,—x —y — 2z = 1 — 2h3. In this case, ||U||1 = 1 — 2h3, and

. 1—2h§
SH'|H = T, -

3. On the group of faces x = +hy,y = +hy, 2 = thy. In this case, v =
Z—,i(h’l,hé,hg), and ||v]|; = %HHIHI is not constant on the face, and
3H’|H = %

Note that when H’ is in a normal form, ¢ can only fall on one face in each case.
These faces are respectively t +y+ 2 =1, v +y — 2 =1 — 2h3, and z = h;.

The (hY, h}, hYy) belonging to each case can be characterized as follows.

e Case 1. Note that the face of Py on x + y + z = 1 is the convex hull
of (hy, ha, hg) and all permutations of the entries. The hexagon contains
exactly all vectors ¢ majorized by (hy, he, h3), U < (hq, ha, h3) (see §2.5
for definition of majorization). Hence, (h}, h}, h%) is in case 1 if and only
if it is proportional to some @' < (hy, ha, h3).

o Case 3. In this case, ¥ = (hl,h;—flé,]l}ll—flg) (note hY/hy > 0). Thus

(R, by, h%) is in case 3 iff (h;L—flL/?, h;L—ZLé‘") is within the rectangle with ver-

tices (hg, hg), (hg, hg), (—hg, —h3), (—hg, —hQ).

(h3, ha)

(—ha,—hs3)
(—hs,—h2)

|y+z\ < ha+hg

Iy =2l < ha—hs (2.15)

Hence, (R}, hb, hY) is of case 3 iff
‘hlh’z N hyh haihy — hahg

S hg + h3 and S hg - ]’L3 (216)

h hy h h

, hy n, hy hi

ff < d < 2.17
Y hothy Ryt hy, U ho—hy Ry — 1, (2.17)

e Case 2. This contains all (hf, k), h%) not in case 1 or 3.

The fact that the intersection is on one of the boundary faces means that

it can be easily decomposed as a convex combination of at most 3 vertices in
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P,,2. The decomposition directly translates to an optimal protocol with at

most 3 types of conjugation.

2.5 s-majorization

The problem of Hamiltonian simulation can also be analyzed from the per-
spective of a majorization-like relation, which provides a natural and compact
language to present the results of the previous section.

Recall the standard notions of majorization and submajorization as defined
in the space of n-dimensional real vectors. Let u denote an n-dimensional real
vector and wu;, i = 1,---,n, its n components. Define u! to be a vector
with components u% > u% > ... > ul, corresponding to the components u;
decreasingly ordered. Let v be another n-dimensional vector and v' its ordered

version. Then u is submajorized or weakly majorized by v, written u <, v, if

IA
<
—e

uy
u{%—u% < v%%—v%,
Uf—l—v%—k---v}l.

u%—i—u%%—--ml

n

IN

In case of equality in the last equation, u is majorized by v, which is written
as u < v.

These notions can be extended to real matrices by comparing the corre-
sponding vectors of singular values. Suppose M and N are two n x n real
matrices. Then, M is majorized by N, M < N, when sing(M) < sing(N),
where sing(M) denotes the vector of singular values of the matrix M. Thus,
majorization endows the set of real matrices with a partial order, and a notion

of equivalence,

M ~PMQ YP,Qe O(n) (2.22)

2This is a consequence of Carathéodory’s theorem which states that an interior point of
a convex n-dimensional polytope can always be written as a convex combination of <n+1
boundary points [104].
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because the transformation M — PM(Q) preserves the singular values. A

“convex sum” characterization of weak majorization
M <, N M=) pPNQ, (2.23)
i

also holds [17], with the meaning that N always weakly majorizes an (left and
right) orthogonal mixing of itself.

Likewise, the notion of special majorization, s-majorization for short, can
be introduced. In close analogy with majorization, consider again the n x n
real matrices M, but this time transform them by acting on the right and
on left with special orthogonal matrices P,Q € SO(n) with determinant +1.

Proceeding back to front, introduce the equivalence relation
M ~, PMQ, (2.24)

where P, @Q € SO(n). Following the singular value decomposition of M, M ~
diag(dy,dg, -+ ,dp_1,sg(det M) d,) where dy > dy > -+ > d, > 0 are the
singular values of M. This suggests the following rearrangement of a real
vector u with components u;. Let |u| be the real vector with components |u;|.

Then, the s-ordered vector u'® is constructed as follows:
(Julg, fulz, -~ s Julhrs se (M) ful}) - (2.25)

In other words, the absolute values of u; are arranged in decreasing order, the
sign of the last element is chosen to be the product of all the original signs.
Then define the s-majorization relation, which will be denoted by the symbol

<, directly on real matrices by means of the “convex sum” characterization,
M =<,N & M=) pPNQ;. (2.26)

That is, M is s-majorized by N when M is a (left and right) special orthogonal
mixing of N. This definition applies for real vectors (when M and N are
diagonal matrices). The remainder of this section is restricted to the n = 3

case, which is relevant for the two-qubit Hamiltonian simulation problem. The
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results in §2.4.1 imply the following alternative definition of s-majorization

which is equivalent to eq. (2.13).

Definition 2.5. Let (uq,ug, uz) and (vq,ve,v3) be s-ordered. Then (uq,ug, ug)

is ssmajorized by (vq, v, v3), denoted u <, v, if and only if

IN

Uy U1,
Uy +ug —us < v+ Uy — U3,

U + U + Us S U1+ V2 + V3. (227)
If the real vectors w and v are not s-ordered, then u <; v when u's <, v's.

Note that when applied to s-ordered vectors u and v, the s-majorization
relation implies the weak majorization relation, that is u <5 v = u <, v. This
can be seen by summing the second and third inequalities in (2.27). Moreover,
when sg(ILiu;) = sg(ILiv;) and Y . u; = ) . v;, then <, <, and < are all
equivalent.

Now s-majorization can be related to Hamiltonian simulation. Consider
the polytope Py with the set of vertices P,y associated to h = (hy, he, h3),
which describes the normal form of the Hamiltonian H. The Hamiltonians H’,
characterized by vectors A/, that can be efficiently simulated with H, H' <¢ H,

are given by just comparing h and h’ according to the s-majorization relation.

Theorem 2.2. Let h and h' be real, s-ordered 3-dimensional vectors. Then

W€ Py iff ! < h.

Proof. When h = (hy, hg, h3) is s-ordered, but not necessarily satisfying ||h||; =
1 and hz > 0, the polytope Ppy associated can still be characterized by a simple
modification of eq. (2.13):

Vi |hi| < ha
—(hi+he—hs) < Wi+hy+hy < hi+he+hg
Dw € Py —(hi+hy—hg) < —hy—hy+hl < hi+hy+ h3(2.28)
—(hi4+ho—hy) < h,—hy—hy, < hi+ho+hs
| —(hi+ha—hg) < =Ry +hy—hy < hi+hy+hg
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Furthermore, when A’ is also s-ordered, the above reduces to

hy < hy,
hy+hy —hy < hy+hy—hs,
Ry +hy+hy < hy+ho+hs. (2.29)
which is exactly the condition for A’ <, h. [J O

Theorem 2.3. Let H = ) . hjo; ® 0, and H' = ) hio; ® 0; be two-qubit

Hamiltonians in their normal forms. Then
H <sH < h'=<h. (2.30)

The optimal simulation factor is given by spg = maXgy,p S.

2.6 Conclusions

In this chapter the optimal dynamics simulation protocols for two-qubit Hamil-
tonians have been derived. The results give rise to the s-majorization relation,
which is a partial order on the 2-qubit Hamiltonians, similar to the partial
order on entangled states given by (1.31). Here, the majorization arises in
a different way, but it provides an intriguing glimpse of the possible connec-
tions between entanglement in quantum states and the non-local properties of
quantum operations.

In this chapter, only simulation protocols that operate on a single copy
of the system on which we are trying to perform the simulation have been

considered. More generally, protocols could act in a “blockwise” fashion, by
simulating (e*iH/t)(m using (e*th)®m, or the evolution according to H could
be time-shared amongst many copies of the system. By analogy with the ma-
nipulation of entanglement in states, it seems likely that these sort of protocols
could have greater efficiency and possibly also be reversible. Finally, only pro-
tocols that succeed in the simulation with certainty have been considered here,

but a simulation might also be stochastic and fail with some finite probability,
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in which case the expected cost of the simulation could be considered. These

more general protocols would be interesting topics for future research.

2.7 Related Work

Since the publication of these results, there has been much interest in the
Hamiltonian simulation problem.

Some of the results can be generalized by allowing additional resources. For
example, Vidal and Cirac [94] have shown that allowing classical communica-
tion between the parties in addition to local operations does not improve the
optimal simulation factor. In the same paper, they also showed that ancillas
are needed to achieve the optimal simulation when each party has a Hilbert
space of dimension > 2 in contrast to the result of appendix 2.B. Finally,
they showed that the s-majorization relation can be alternatively formulated
as an ordinary majorization relation on the eigenvalues of the Hamiltonians in
their normal form. In another paper [93] they demonstrated a catalysis effect,
whereby the presence of additional entanglement in the system allows certain
Hamiltonians to be efficiently simulated that could not be efficiently simulated
otherwise, despite the fact that the entanglement is not consumed by the pro-
tocol. This is similar to the catalysis effect in the conversion of quantum states
under LOCC discussed in §1.3.1.

There are a few direct generalizations of bipartite Hamiltonian simulation
to higher dimensional Hilbert spaces. Recently it has been shown by Childs et.
al. [26] that any product Hamiltonian, of the form H4 ® Hp can simulate any
other Hamiltonian of this form reversibly. Necessary and sufficient conditions
for efficient simulation in arbitrary dimensions have not yet been found, but
Chen has found a necessary condition based on algebraic geometry [25].

Simulation has also been investigated in a number of quite different regimes.
The problem of gate simulation, as opposed to the dynamics simulation dis-

cussed here, was first investigated prior to the publication of the results in
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Chapter 2. Hamiltonian Simulation

this chapter [59], but has since been solved for the two-qubit case [95] by
breaking the problem down into a minimization over a discrete set of dynam-
ics simulation problems, which can each be solved via the results presented
here. Hamiltonian simulation has also been considered for multi-party sys-
tems [98, 55, 100, 99, 65, 19, 33, 75| and efficient protocols have been found
for some particular instances. Simulation for systems described by continuous
variables has also recently been discussed [61].

Most of the Hamiltonian simulation protocols developed so far require con-
tinuous switching of the local unitary operations. Whilst these are appropriate
for finding the fundamental limitations on simulation imposed by quantum me-
chanics, they are far from being experimentally feasible. However, Haselgrove
et. al. [46] have recently shown for the two-qubit case that the cost in simu-
lation time of restricting the protocols to have a fixed number of steps is not

too great.

2.A Proof that Cy = Py

Recall that Cy is defined as the diagonal subset of the convex hull of { PDy(Q :
P,Q € SO(3)}, where Dy is the Pauli representation of a two-qubit Hamilto-
nian in its normal form (i.e. Dy = diag(hy, ho, h3)). Py is the convex hull of
Py C Cy obtained by permuting the diagonal elements of Dy and putting an
even number of — signs on the diagonal.

By definition Py C Cg, so the result can be proved by showing that Cy C
Pr. Cp consists of Hamiltonians that have Pauli representations that can
be expressed as Dy = >, p;P;DpQ;, where P;,Q; € SO(3), p; > 0 and
> ;pj = 1. Since Dy is diagonal, only the diagonal elements of each P;Dy@Q);
contribute to Dg.. Whilst it is possible for an individual P;Dy(@); term to have
off-diagonal elements, these elements have to cancel out in the sum. Thus,
to show that Cy C Py, it suffices to show that the diagonal part of each

P;DypQ; € Pr because any Dy € Cy will then be in Py by convexity.
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In what follows, P;Dg(Q); will be denoted as P Dy () without the j subscripts
because only a single term is considered. The diagonal elements of PDy(Q) can
be represented as a three-dimensional vector (g1, g2, g3). The proof proceeds
by showing that the components of this vector satisfy the inequalities (2.13)
and thus the vector belongs to Py. Since Dy = diag(hy, ha, h3),

— (PDyQ),, prh Qi =Y _ PyQLh; (2.31)
J
The vectors (hy, ho, h3) and (g1, g2, gg) are linearly related by
91 hy
g | =P*Q" | hy (2.32)
g3 hs

where * denotes the entry-wise multiplication of two matrices, otherwise known

as the Hadamard or Schur product. Expanding (2.31) explicitly gives
9i = PﬂQghl + Pz‘QQiTgf@ + Pngz;hs (2.33)

Recall that in §2.4 it was assumed that all the h;’s are positive, so by the

triangle inequality
|9:| < [PaQ [l + [PQlha + | PisQis | hs (2.34)

Now, since P,Q € SO(3), their columns and rows are orthonormal vectors.
Hence (|P1|,|Psl, | Pi|) and (|Q%], QL. |QL|) are unit vectors and their inner
product | Py QL | + |PeQL| + |PsQL| < 1. This argument, which is used
frequently, will be referred to as the “inner product argument”. The first group

of inequalities (2.13) follows from (2.34) and the inner product argument, since

9] < (|PaQF| + | PeQh] + | PisQE|) max;h;
< maxihi = hl

(2.35)

The second group of inequalities can again be proved by the triangle inequality

followed by the inner product argument

2219l

i
> (O 1P IQE) byl < 32 hy =1

53

(2.36)

IN



Chapter 2. Hamiltonian Simulation

from which

g1+g2+gs<1 G1—92—93 <1, (2.37)
—1+92—9g5 <1, —1—92+tg3 <1
can be obtained. The final set of inequalities can be proved by the following

method, which is illustrated for g; + g2 + gs.

PuQT PQY, Pi3QTy
g1+92+93 = +PnQY [t | +PnQl, |het+ | +PQ3; | hs
+ P31 Q% + P33, +P33Q3%,

= Ahi+ Aho + Ashs
(2.38)

where \; is the coefficient of h; in the parenthesis. By the inner product
argument |);| <1 and it can also be shown that ) . A; > —1. To see this, note
that

YN = PuQT + PyuQL + PuiQf + PiaQLy + PyQL, + PsQl,
+P13QT; + PasQ3 + PssQi; (2.39)
— u(PQ)

Since P,Q € SO(3), PQ € SO(3). Every SO(3) matrix is a spatial rotation,
having an eigenvalue +1 that corresponds to an eigenvector in the direction
of the axis of rotation. Moreover, since the determinant of an SO(3) matrix
is 1, the other two eigenvalues are of the form e**®. Therefore, the trace is
14+ 2cos¢ > —1. From this, the final inequality for ¢g; + g» 4+ g3 can be proved

as follows

g1+ 92+395 > AMhi+ Xho+ (=1 — X — A2)hg

= Ai(hi — hg) + Aa(ha — hy) — hs (2.40)
> —hy — hy+ hs (2.41)
= —(1—2hy)

where (2.41) is the minimum of (2.40) attained at \; = Ay = —1 and A3 = 1.

This completes the proof of the inequalities for g; + g2 + g3. The remaining
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three inequalities
+91 — 92 — g3 > —(1 — 2h3)
—g1+ 92— g3 = —(1 — 2hy) (2:42)
—g1— 92+ g3 > —(1 — 2h3)

can be proved similarly. For example, the previous argument can be applied

to the expression

PLQ7, P1yQ7, Pi3Q7,
dg1—92—03 = _P21le hi+ —P22Q2TQ ho+ —Pngng hs (2.43)
_P31Q§1 _P32Q§2 _P33Q§3

by defining a new SO(3) matrix P to be

1 0 0
P=|0 -1 o|P (2.44)
0 0 -1

Thus, (g1, g2, g3) satisfies (2.13), the defining inequalities of Py. The diagonal
part of any PDy(@ is in Py and hence Cy = Py.

2.B More general simulation protocols

This chapter has focussed on deterministic simulation protocols that involve no
ancillary systems and where Alice and Bob’s local actions are unitary. Denote
this class of operations by LU and the Hilbert space of Alice’s (Bob’s) qubit
in this type of protocol by Ha (Hp).

Some immediate generalizations would be to allow Alice and Bob to have
ancillary systems H4 and Hp of arbitrary dimension and allow Alice to per-
form local unitary operations on ‘H 4 ® H 4 and similarly for Bob on Hg @ Hp:.
The states of Hy and Hp are assumed to be initially uncorrelated. Denote
this type of protocol by LU + anc. Similarly, Alice and Bob might be allowed
to perform more general trace-preserving quantum operations, either only on
H4 and Hp (LO) or on a larger system including ancillas that are initially

uncorrelated (LO + anc).

95



Chapter 2. Hamiltonian Simulation

Clearly, LU C LU + anc C LO + anc and LU C LO C LO + anc. However,
LU + anc, LO and LO + anc are all equivalent in terms of the efficiency of
simulation they can be used to achieve. To see this, consider first LU + anc
and LO + anc. It is well known that any trace preserving operation can be
implemented by performing a unitary operation on a larger Hilbert space and
then discarding the extra degrees of freedom (see [74] for example). Thus, the
only differences between LU + anc and LO + anc is that measurements and
tracing out some of the ancillary degrees of freedom are allowed in the latter.

However, these are not necessary for the following two reasons.

Firstly, measurements can be delayed until the end of the protocol by re-
placing the measurements with controlled unitary operations that store the
measurement outcomes in an ancilla. Then, any operations that depend on
the measurement results can be replaced by unitary operations controlled on
the state of these ancillas. Secondly, any simulation protocol must end with
a state of the form e, 4" [¢)) ., @ |§) 4 5 for any input state ) , ; regardless
of any measurement outcomes because only deterministic protocols are being
considered here. Replacing measurements with controlled unitaries will still

lead to a final state of this form, so no actual measurements or discarding of

ancillas are needed.

This means that LO and LO + anc are no more powerful than LU + anc.
Conversely, due to the second reason given above, any LU + anc protocol can
be viewed as an LO protocol. Thus LO, LO 4+ anc and LU 4+ anc are all

equivalent.

It remains to determine whether LU 4+ anc is more powerful than LU.
This has been shown to be true in general [94], but in fact they are equiva-
lent for two-qubit simulation protocols. To show this, the following lemma is
used, which is valid for bipartite dynamics simulation protocols in arbitrary

dimensions.
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Lemma 2.4. Any LU + anc simulation protocol can be described by

sH'=) p;M;® N; (H® Lyp) M] ® N] (2.45)

J
where s is the simulation factor, the p;’s form a probability distribution, each
M; is a linear operator M; : Haa — Ha and each N; is a linear operator

Hpp — Hp.
Proof. The most general LU + anc simulation protocol may be written as

e ' 1) 5 @ (Varp: [0) 4 ®10) )

’ v (2.46)
=cQ® de:l Q; X bjeilHtjaj ® b] |¢>AB &® |O>A’ ® |0>B’

where equality holds for all ) ,5 € Hap. Here, a;, ¢ are unitary operators
acting on Haar, bj, d are unitary operators acting on Hpp and |0) ., ® |0) 5, is
the initial state of the ancillas, which can be chosen to be an arbitrary product
state. The operator, V5 is the residual unitary acting on ‘Hy ® Hp and it
may generate entanglement between the two ancillary systems.

This must be valid for all t = ) il t'" and in particular, when they are
both arbitrarily small. Thus, defining p; = ¢;/t and s = '/t and expanding
(2.46) to first order in t and ¢’ gives

C® d (-[ABA’B’ — Zt ijjaj ® b]H ® ]A/B/a,;- ® b;) |O>A’ ® |O>B’

/ (2.47)
= ([AB — itSH,) X (VA’B/ ’0>A & ’O>B’)
where each term is an operator on H ® Hp. It follows that
c|0) 4 ® d|0) g = Iap ® (Varp 0) 4 ®[0) ) + O(t) (2.48)

This implies that V4 g must be a product operator to zeroth order in t, i.e.

and
cl0) 4 =14 @ Va [0) 4 + O(t)

(2.50)
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Defining é = Iy @ Ve, d = Iy @ Vi,d and Vap = VI, ® V},Vap and writing
the most general O(t) terms in (2.49) and (2.50) gives

dl0Y,., = (Ipp —itKgg)|0), + O
A 0 > (Ipp — itKpp)[0) 5 (t*) (2.51)

where all the K’s are arbitrary self-adjoint operators acting on the systems
indicated. Pre-multiplying (2.47) by Vj, ® Vg, and substituting (2.51) into the

resulting equation gives

sH' ® Typ |0>A’ X |0>B’ = (ijjaj X bj (H X ]A’B’)a} &® b;r + Kau
+KBB’ — KA/ — KB’ — KA/B’) ’0>A’ X |0>IB
+0(t)
(2.52)

where the equal zeroth order terms have been subtracted from both sides and
the remaining terms have been divided by t.

Multiplying this equation on the left by (0| ,,®(0| 5/, all the K terms become
local. However, since H' has no local terms, their contributions must vanish

and this gives
= (0] @ (0[5 (ijaj @b (H® Lyp)al @ b}) 0)4 @0)  (2.53)
J
Substituting M; = (0] ,, a; and N; = (0|, b; gives the desired result. O

Note that, in the case where there are no ancillas and a;, b; act on Ha, Hp

only, (2.5) is recovered.

Theorem 2.5. LU and LU + anc are equivalent for two-qubit Hamiltonian

stmulation.

Proof. The result can be proved by considering a single term in (2.45), M ®
N (Hap ® Iyp) MT @ NT, where the subscripts j have been dropped. This

is done by showing that the contribution to H' given by this term can be
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obtained by a convex sum of conjugations by local unitaries acting on H 4 and
‘Hp only, i.e. by an equally efficient LU protocol. First note this term can be
written as a composition of two linear maps that act on the spaces 8 (H4) and
B (Hp) respectively. To do this, define the maps €4 (Ty) = M (Ty @ I4) MT
and g (Tg) = N (H ® Ip/) NT, which gives

M@N (Hap @ Iyp) M @ NT = E40Ep (H) (2.54)

€4 and Ep are unital, i.e. £4 (1) = I and similarly for £g. This can be shown
for £4 by
Ea(ly) =M (Ign) MT
= (0| y aanTanalyy [0) 4 (2.55)
— I,
and similarly for £g. Moreover, they are both completely positive, since they

can be given operator sum representations by expanding [4 and Ip/ in or-

thonormal bases. For example, £4 can be written as
T)=> FTF] (2.56)

where F; = M |j) ,, and {|j) 4 } is an orthonormal basis for H4. Generally,

the maps are neither trace non-increasing or trace non-decreasing, but

Te (35 F1F) = Te (32 (Gl alia 1004 0Ly @ane ) )
=T ({014 @l 5, (150 Glar) @ 0)4)
=Tr < (0]  a'y yasn |0>A,> (2.57)
=Tr (<O‘A’ L44710) 4)
=Tr(ly) =
The maps £4 and Ep can be replaced by a convex combination of conjugations
with local unitary operations and hence they can be simulated with unit effi-

ciency by an LU protocol. The proof of this is shown explicitly for £4, but the

construction for £ is the same.
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Firstly, each F; can be written in its singular value decomposition F; =

V;Q;W;, where V; and W; are unitary and

; 0
Q=" (2.58)
0 q;2

where ¢ > 0. Using this, £4 can be written as

E(T) =3, V;Q;W;TW]Q,;V]

- N (2.59)
=3, 5 (@ + a3) V,Q;W, TW]Q, V]
where
~ cosf; 0 4
Qj = V2 ’ and cosb; = 4 (2.60)
0  sinb, m
Without affecting the simulation, the map £4 can be replaced by
5 1
EA(T) =3 5 (b + ) Vi (Wyrw]) V] (2.61)

J

where F; (T') = (1 — cos@sinf)ITI + cosB@sinfo3Tos. To see this, compare
the map F; with conjugation by Qj.

Qj[Qj =1 + COS(29]')03 Q]Ul@j = sin(29j)01

o o (2.62)
QjUQQj = sin(20j)02 QjO'ng = COS(Z@j)[ + o3

Fil)=1 Fj(01) = sin(26;)04
Fj(02) = sin(20)02  Fj (03) = 03

They differ only when the input has an [ or o3 component. This will not

(2.63)

affect the Hamiltonian simulation for two reasons. Firstly, the normal form
Hamiltonian has no I terms and none are generated by the conjugations with
a; ® bj. Secondly, the action on o3 only differs by the addition of an I term.
This will generate a purely local evolution and can be eliminated with another
local unitary operation. Finally, note that £4 can be implemented by an LU
protocol and » 5 (4 +dk) = %Z] Tr <FJTF]> =1, so it is indeed a convex
combination of the individual terms and can thus be implemented with unit

efficiency. m
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Chapter 3

The Entangling Capacity of

Quantum Gates

3.1 Introduction

The fundamental resource used in many quantum information protocols, such
as cryptography and teleportation, is the entanglement in a quantum state.
A major theme of investigation in quantum information theory is the analysis
and characterization of entanglement properties of quantum states under local
operations and classical communication (LOCC). One issue is how to extract
the entanglement in a quantum state. The simplest protocols involve taking a
single copy of the quantum state and using LOCC to extract the entanglement
[73]. An important realization is that, in general, collective processing (i.e.
processing more than one copy of the state at a time) is more efficient than
individual copy processing. Indeed, for mixed states [67], there are examples
where no entanglement can be extracted at all if one only has one copy, but
collective processing does allow extraction of entanglement. The fact that
asymptotic collective processing (i.e. processing of infinitely many copies) is
necessary for the reversible extraction of entanglement is a key building block

in the general theory of entanglement [8, 69].
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In contrast, the fundamental resource considered in this thesis is a non-
local quantum operation, such as an interaction Hamiltonian or a unitary gate.
These can be used, along with local actions, to perform the steps of quantum
algorithms and generate entangled states. Conversely, an entangled state and
LOCC can be used to apply a non-local operation to an arbitrary state, en-
abling distributed quantum processing. In analogy to the interconversion of
states, it is natural to ask whether non-local operations and entangled states
may be converted between reversibly and whether optimal conversion requires
collective processing.

This chapter focuses on the problem of generating entanglement from the
action of two-qubit unitary operations on pure states. Suppose that Alice and
Bob share a state |¢) in their combined Hilbert space H4 ® Hp and that they
are able to implement an operation Usp € U(4) on any non-local two-qubit
subspace. They would like to maximize the amount of entanglement that they
generate per application of Uyg. This maximum is the entangling capacity,
ECp, of Uyp. For single applications of Uyap, the entangling capacity is given
by

ECs (Uan) = maxpyeryoms [E (Uan ) — E (|4) (3.1)

where F is an entanglement measure and Uyp acts on one qubit in ‘H, and
one in Hp.

In §3.2, the useful decomposition of two-qubit unitaries that was introduced
in [60, 59] is reviewed. §3.3 concerns the single-copy entangling capacity. In
§3.3.1, an argument due to [66, 12| that shows that the single-copy entangling
capacity can be achieved when Uyp is only allowed to act on pure states is
reviewed. This argument is then extended to show that pure states can still
be used if the entangling capacity is to be achieved using the minimal amount
of initial entanglement. In §3.3.2 and §3.3.3, the amount of entanglement that
can be generated by a single use of a quantum operation when Alice and Bob
share initial entanglement is found; this work extends [60] where the authors

considered entangling capacities of unitaries but did not allow initial entangle-
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ment; it also extends [38], which allowed initial entanglement but only unitary
transformations infinitesimally close to the identity (i.e. Hamiltonians). In
the case where ancillas are not allowed (§3.3.2), analytic results about the en-
tangling capacities of unitaries are derived. It generally helps to start with
an entangled state, although this is dependent on the entanglement measure
used in (3.1). §3.3.3 concerns the case where ancillas are allowed; mostly nu-
merical results are described here, however these numerical results allow us to
conclude, quite generally, that allowing initial entanglement can increase the
entangling capacity even when ancillas are available.

The final part of this chapter (§3.4) concerns collective processing of quan-
tum operations. As described above, collective processing is a key idea in
understanding entanglement properties of quantum states. The main result,
essentially that collective processing of quantum operations does not help in
generating quantum entanglement, is in stark contrast to the situation for
processing of quantum states. To conclude, the implications of these results
for the interconvertibility of quantum operations and the classification of their

entanglement properties are discussed.

3.2 Canonical form for two-qubit unitary op-
erators

The entanglement properties of a unitary operation, such as its ability to
simulate other operations and generate entanglement, are invariant under local
unitary operations applied before or after the operation. This gives a notion

of local equivalence of operations
Unp ~ Ul if Uy = VI @ VIPUWE @ W (3.2)

where V), V@ WO W are local unitaries acting on the systems indicated.
In order to simplify the calculations in this chapter, the following decom-

position of two-qubit unitary operators is used.
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Theorem 3.1. Any two-qubit unitary, Uap ~ Uy, where
U, = i Sl osoan? (3.3)

> ay > g > |ag| > 0 and 0193 are the Pauli matrices.

NE

Since, Uy has the same entangling capacity as U, this form will always be

used in what follows!. Note that the eigenvalues of Uy are given by e where

)\1 = — a + ay —+ (0%}
)\2 = + a1 — Q9 + Q3 (34)
)\3 = 4+ a1 + s — o3
Ay = — a1 — @y — Qs

The corresponding eigen-basis is given by Uy |®;) = ¢ |®;) and is the Bell

basis. For later convenience, the following phase convention is chosen:

1) = 2 (00)— 1)
92) = 2 (100)+ 1) .
95) = (01 + [10)
) = (01 - [10)

With this choice of phase convention, this basis is known as the “magic” basis
[47]. Using the magic basis often simplifies calculations related to the entan-
glement of two-qubit states and unitaries.

To prove, theorem 3.1 it must be shown that any U4p is locally equivalent
to an operator that is diagonal in the magic basis. This relies on the following

three lemmas.

Lemma 3.2. A local unitary operation W @ W € SU(2) x SU(2) acts on
the coefficients of states expressed in the magic basis as an SO(4,R) matriz.
That 1s

W ewd o), Z Oji |®4) 4 (3.6)

where Ojy, are the components of an SO(4,R) matriz O.

In fact, when considering the entangling capacity, the condition a3 > 0 can be assumed.
2 Ao B_ Ag B 3 Ao B\ ¥ L. .
This is because e’ 2i=1 %% ®7; ~303 875, (el 2j=12505 805 ) and £Cg is invariant under

conjugation
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3.2. Canonical form for two-qubit unitary operators

Proof. This can be shown by demonstrating that linear combinations of the
generators of SU(2) x SU(2) act like the generators of SO(4,R) on the magic
basis. SU(2) x SU(2) is generated by the six operators 0;®1, I®o;, j =1,2,3
and SO(4,R) rotations of vectors expressed in the magic basis are generated

by the six operators

where 1 < 75 < k < 4.
To see how this construction works, take Xjo, the generator of rotations in
the |®1),|®y) plane, as an example. The operators o3 ® I and I ® o3 act as

follows on the magic basis

oy @ T|®)) = —i|By) , I ®0y|®1) = —i |By)
oy @T|Ds) =i |®))  , I®oy|®y) =i|0)) 55
oy @I |®3) = —i|By) , I®0y|®3) =i |Dy)
oy @I |®y) =i |®3) I ®0y|®s) = —i |By)

and setting X, = —% (03 ® I + 1 ® 03) gives the generator required by (3.7).
The remaining five generators are constructed in a similar way. They are all
linearly independent and span the Lie algebra of SU(2) x SU(2) and hence
SU(2) x SU(2) acts as SO(4,R) on the magic basis. O

The next two lemmas are modified versions of the usual polar and singular

value decompositions for matrices.

Lemma 3.3. Any unitary matriz, U, may be written as U = OS, where
S =VUTU is a complex unitary symmetric matriz and O is a real orthogonal

matriz.

Proof. Firstly for two complex vectors v, let (v] ) = > jVjw; denote the
usual inner product and let v"@ = 3 v;w;.
S = VUTU is a unitary matrix, so its spectral decomposition is of the form

S=> e |v;) (U}, where ¥, are a complete set of orthonormal eigenvectors
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and A\; € R. Moreover, since S also is symmetric, the eigenvectors v; can be

chosen to have real components. To see this, note that
5= (ST s =5t =1 (3.9)
Then, from the eigenvalue equation

Sv; = eiv;
= %57, = e ST (3.10)

= S*'&} — 6_1‘)\]',1_}}

Thus, the vectors ¥; will also be eigenvalues of the matrix S*. This means
that they will be eigenvectors of the real symmetric matrix S 4+ S* and the
eigenvectors of such a matrix can be chosen to have real components.

Next, define the vectors w; = e=**Ut;. These vectors also have real com-

ponents, which can be checked by comparing

()| wy) = (0| Ute™ e MU |3)
= (0| UTU |#) (3.11)
= (] ) =1
with
_ efzixjﬁferTUgj
— e—wjngS?gj (3.12)
— =1
and noting that these two forms should only coincide if the vectors w; have
real components.
Finally, define a real, orthogonal matrix O = > ; ’LUJ'UJT . We have that
OS7; = eiw; = Ut;. Since the action of OS and U coincide on a complete

orthonormal basis, U = OS. O

Lemma 3.4. Any unitary operator, U, may be written as U = PDQ, where P
and @ are real orthogonal matrices and D is a diagonal matriz with diagonal

elements given by the eigenvalues of VUTU.
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3.2. Canonical form for two-qubit unitary operators

Proof. From the previous lemma, U = OS5, where O is a real orthogonal matrix
and S is a symmetric unitary matrix. It was also shown that the eigenvectors
of S can be chosen to have real components, so it follows that S = Q7 DQ for

some real orthogonal matrices R and ). The proof is completed by setting

P=0Q". O

Proof of theorem 3.1. To prove the decomposition, it must be shown that Uap
is locally equivalent to a unitary that is diagonal in the magic basis. This can
be done by making use of an isomorphism between operators acting on C?® C?

and states in C* ® C* [103]. Let M4p be such an operator and define the state

|\I[M>AA’BB’ = Map |CI)2>AA’ & |(I)2>BB’ (3-13)

This is an isomorphism, because it is possible to recover the operator Mg

from the state |¥ps) 4 1pp Via

Map ) ap = 4(Pal grar (P2l prpe (V) aaippr [0) 4 (3.14)

where [¢) is an arbitrary input state. This can be checked by expanding
the operator and the states in the computational basis. Local equivalence of
operators can now be reformulated in terms of states. This can be done by

making use of the fact that for any single qubit operator W the following holds
Wa®Ip |(I)2>AB =14® Wg |<D2>AB (3.15)

which can again be checked by expanding in the computational basis. This
shows that under a local transformation of an operator M5 —
Vf’ ® VE(;Q) M ABWE) ® Wg), the corresponding state |Wy) 44 pp transforms
as
W) — Vi @ Vi) MapWi @ Wi |92) 10 @ 82)
v e (WO o v® e (W) Manld o
A ® A Q@ Vg ® B AB’ 2>AA’ ® | 2>BB’
1 n\ 2 9\ T
- /§ ) ® <W1§{’)> ® VE(; ) ® (WJ(3/)> Var) sarpp
(3.16)
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Thus, local equivalence of operators Msp induces an equivalence under
U(2)* for the states |Ups) 4 45~ Now, consider the case where Map = Ugp is
a unitary operator. Without loss of generality, assume that Usp € SU(4) and
that the local unitaries are in SU(2) since global phases of the local unitaries
only affect the global phase of Usp, which may be absorbed by setting the
global phase of any of the local unitaries appropriately. The state [Vy) 4155

can then be written as

‘\IJU AA’'BB" — Z ik |® AA’ ‘® >BB’ (317)

7,k=1

where Njj are the components of an SU(4) matrix. From (3.13) and (3.14) it
can be shown that Njj; are the components of Uyp when it is expressed in the

magic basis. By lemma 3.2, this matrix transforms under (3.16) as
N — PNQ (3.18)

where P, @ € SO(4,R). Thus, according to lemma 3.4, N can be transformed
to a diagonal matrix with diagonal elements given by the eigenvalues of vV NTN.
O

The fact that the eigenvalues of V/NTN are local invariants of U 4B Was first
noted in [71] The method given above for finding these eigenvalues of requires
Uap to be expressed in the magic basis. However, there is an alternative that
works in the computational basis. Firstly, define the unitary operator analog

of the spin-flipped density operator which was defined in eq. (1.41).

U:O'Q(X)UQUTUQ@O'Q (319)
where T indicates the transpose in the computational basis. The eigenvalues
of UU are local invariants of U and, from, eq.(3.3) one can see that these
invariants are in fact squares of the eigenvalues of U,, which are the same as

the eigenvalues of NTN.
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3.3 Single Copy Entangling Capacity

3.3.1 Purity of States in the Optimal Protocol

In this section we determine whether optimal protocols can be found for gener-
ating entanglement using one application of U,p that only involve pure states
at every stage. An argument of [12] can be used to establish that this is the
case. Further, this argument can be extended to show that optimal pure state
protocols can be found that start with the minimum possible amount of initial
entanglement. Thus, all the important details of the single-copy entangling
capacity of Usp can be established by considering pure states only.

Making a suitable definition of the entangling capacity over mixed states is
not quite as straightforward as the pure state case. In particular, the choice of
entanglement measure for the initial and final states may be different. For the
initial state, it seems natural to use a measure of the minimum average amount
of entanglement required to generate it (i.e. the entanglement of formation?).
However, for the final state it makes more sense to measure the maximum
amount of entanglement that can be extracted from it (i.e. the distillable
entanglement).

To make this more specific, consider an initial mixed state py. Let py =
>~ Pj [¥;) (5] be the decomposition of po with minimal ensemble average en-
tanglement. To generate an ensemble of n states described by py, the state |¢;)
may be prepared with probability p; and then the information about which
state was prepared may be discarded. Asn — oo, the amount of entanglement
per state used in this procedure will be Er(pg), where Er is the entanglement
of formation (1.38). The operation Usp can then be applied to each state
individually yielding n copies of the state p; = U ABpOUi‘ p- These states can
then be distilled to singlets by LOCC and as n — oo the yield of singlets
per copy of p; will be Ep(p1), where Ep is the distillable entanglement. Note

that, although this protocol involves collective processing of the states, the

2The entanglement cost is also considered in this context in [12]

69



Chapter 3. The Entangling Capacity of Quantum Gates

fact that Uap is applied to each copy of pg individually means that it can still
be regarded as a single-copy protocol with respect to the unitary operator.

With this in mind, the mixed state single-copy entangling capacity, C'mieed,
is defined as

O = max,, (Ep(p1) — Er(po)) (3.20)

Then

Ep(p1) — Er(po) < Er(p1) — Er(po)

= FEp (Z piUap ;) (¥ ULB)

J

=D _piBr (1) (¥5)) (3.21)

IN

ij [EF(UAB [03) (3| Ul )

—Er ([¥) (¥])] (3.22)
< maxy, (Er(Uas [¥5)) — Er(|45)))  (3.23)

Here, (3.21) follows because pg = >, p; |¢;) is an optimal decomposition of p,
(3.22) follows from the convexity of Er (1.39) and (3.23) follows because (3.22)
is a convex sum. This demonstrates that for every mixed state, there is a pure
state for which the action of Uyp generates at least as much entanglement.
Next we show that for any mixed state that achieves the entangling capacity
there is a pure state that achieves the entangling capacity with entanglement
not greater than the entanglement of formation of the mixed state. Let |¢)) be
a pure state that achieves the entangling capacity with the minimal possible
initial entanglement. Let p be a mixed state that also achieves the entangling
capacity. From eqgs.(3.22) and (3.23), by convexity, it is clear that the op-
timal decomposition of p must be a mixture of pure states that achieve the
entangling capacity. Since this is the optimal decomposition of p, Er(p) is
just the weighted average of the entanglements of these pure states. Thus,
Er(p) > Er(|1)) because |¢) has the minimal entanglement of any possible

state in this ensemble.
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3.3. Single Copy Entangling Capacity

3.3.2 Single Application with no ancillas

In this section, the entangling capacity of two-qubit unitaries of the form of
eq.(3.3) when no ancillas are allowed is determined. This depends on the
entanglement measure that is chosen for the optimization. In §3.3.2 the square
of concurrence is used and then in §3.3.2 these results are extended to other

measures of entanglement.

Square of concurrence

One entanglement measure that is particularly convenient to optimize is the

square of the concurrence [101], C', defined by

C([9)) = (¥l o2 @ o2 [¢7)] (3.24)

where |1)*) is the state vector obtained by taking the complex conjugates of
the components of |¢) in the computational basis. An argument from [60] can
be adapted to perform the optimization here.

Writing [¢) = >, b; |®;) gives

Z 21\ b2

J

AC? =2 - C2 =

Zb2

where Cj is the initial concurrence and C} is the final concurrence after ap-

_ Z p2i=2k) _ 1) b?b’,f (3.25)

7.k

plying Uap.
This can be optimized by imposing the normalization condition } b;|” =

1 with a Lagrange multiplier, 2, i.e. the expression to be maximized is

L= (e — 1) 020 — 2 (Z bibt — 1) (3.26)
Jk J

Differentiating gives

oL

o, = = 2b;e¥N Z e~ 2Mp2 _ 9p, Z b2 — 2ub; = 0 (3.27)

multiplying by b; and summing over j gives

Z (2= _ 1) b2b2 — “Z b;|> =0 (3.28)

Jk J
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which yields
p=C3—Cf (3.29)

Substituting egs.(3.29) and (3.25) into eq.(3.27) gives
bje*ie*1Cy — bie*Cy — CFb5 + C3bs = 0 (3.30)

where €,7 are phases depending on all of the b;’s. One possible solution is
b; = 0. To find the other solutions, write b; = 3, where 3;,7; € R. These

solutions must have 3; # 0 and so eq.(3.30) reduces to
C3 — Nty — CF + €205y = 0 (3.31)

There are as many equations (3.31) as there are non-zero b;’s. For generic \;’s,
at most two of these equations can be satisfied simultaneously.
To see this, firstly consider the case when the optimal starting state has
Co = 0. Then,
Cy (Cp — XYitt) = (3.32)
Since Cf is real and the maximum is required, it must be the case that Cy = 1.
This shows that it is only best to start in a product state if Usp can generate

one e-bit of entanglement when no ancillas are present. The conditions for this

were found in [60] to be

ar + ap > % and as + az < % (3.33)

so the focus here will be on the cases where (3.33) is violated and the optimal
starting state must have non-zero Cj.

Subtracting any two of eqs.(3.31) gives

sin (A — A, + 75 — k) Cp = /G722 gin (y; — 43.) Cy (3.34)

This gives consistency conditions for the simultaneous solution of any pair of

egs.(3.31). In particular, since Cy and Cy are both real,
2(€e—n) = ANj— X =nm,ne’ (3.35)
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3.3. Single Copy Entangling Capacity

For generic A;’s this condition cannot be satisfied for more than one pair of
equations in (3.31). Thus, at most two b;’s can be non-zero®. This means
that the optimal starting state will always be in a subspace spanned by two
of the eigenvectors of Uyp. The maximum will be given by choosing the

two eigenvectors and the coefficients b; that maximize AC?. Re-expressing

eq.(3.25) in terms of 3}, ; gives

AC? =4 8757 [sin (2 (v; — ) + Ay — M) sin (A — Ay)] (3.36)

j<k
Only one term in this sum can be non-zero and for this term +;,7; may be
chosen so that AC? = 4373} [sin(A\x — A;)|. This is maximized by 8; = (B =

LQ. Thus, the entangling capacity is given by

S

ECc2 = max;y, [sin( Ay — A))| (3.37)

Note that this is greater than the corresponding result of max;, [sin(Ag — A;) ?
found in [60] when the starting state is restricted to be a product. This shows
that when (3.33) is violated, initial entanglement is always required to achieve
the optimal capacity when no ancillas are allowed. There are two parameter

regions where (3.33) does not hold.

L. ajtag < 7, as+az < 7. In this region, the maximum is given by making
the j = 3,k = 4 term nonzero. ECc2 = sin(2(a; + a2)) and the optimal
starting state is [¢)) = (sin(®£22 — £)]01) — i cos(*422 — Z)[10)). This

gives an optimal initial entanglement of CZ = 1 (1 — sin2(ay + o))

2. a1 +ag > T, + g > 7. In this region, the maximum is given by
making the j = 1,k = 4 term nonzero. ECc2 = sin(2(as + a3)) and the
optimal starting state is [¢)) = \/Li (|@1) + e'lateztas) |@,)). This gives

an optimal initial entanglement of C§ = 3 (1 — sin2(as + a3)).

3This result can be extended to all possible Aj’s by noting that eq.(3.34) can only be
satisfied for more than one pair if some of the eigenvalues are degenerate. Further, it can
be shown that one can choose only one of the corresponding b;’s to be non-zero.

73



Chapter 3. The Entangling Capacity of Quantum Gates

Note that the entangling capacity is always found to be a function of oy + as
or ag + @z, i.e. a sum of only two of the parameters of the unitary. The value
of the third parameter does not affect the entangling capacity at all when no

ancillas are allowed.

Other entanglement measures

All two-qubit pure-state entanglement measures, F, are monotonic functions
of one another and in particular of the concurrence squared (i.e. E = E(C?)).

Generalizing the strategy of eqs. (3.25-3.34) to an arbitrary entanglement

measure, F/, by making use of % = 6?52) agf?) gives
dEy , _ dFE
sin(Aj — A+ — %) C = "= X =M gin (7, — ) Co=rmge
: : Ta(cy) : d(C3)
(3.38)

This gives the same consistency conditions as eq.(3.35) so we still have that at

dE
a(C?)

most two b;’s can be non-zero. The only exception is when x %, which
occurs when the entanglement measure is the concurrence itself. In this case,
the analog of eq. (3.30) is

1

) 1 )
& (b5C3 + b;e™Co) — = (b1CF + be* NI Cy) =0 (3.39)

Cy

This equation is only valid when Cy, Cy # 0, which is expected because the
concurrence does not have a well defined derivative at 0. This leaves open the
possibility that Cy = 0 is the optimal initial concurrence and indeed this is the
only consistent solution.

To see this, first assume that Cy, Cy # 0. Then eq. (3.39) again has b; = 0
as a possible solution. If b; # 0 then substituting b; = (3, gives

Cp— Cy = e (e2i()‘j+n) — ™) (3.40)
Since, Cy — C is real,

Cp— Cy = [eXNHm — g2 (3.41)
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This implies that for each pair of non-zero b;, by
Aj =N +nm nez (3.42)

For generic A;’s, this equation is not satisfied by any pair A;, Ay when j # k.
Thus, the only possibility is to have just a single non-zero b;. However, since
the basis |®;) is an eigenbasis for Uyp, this solution gives C'y — Cp = 0 and is
not a maximum. Therefore, choosing Cy = 0 is the only remaining possibility
to achieve a maximum?*.

For all other entanglement measures we focus on the case where a; + as <

Thas+ag < If b; and by, are chosen to be non-zero for some choice of

T
j # k =1,2,3,4 then the resulting optimal AFE is always a function of the
corresponding A; and A only. In fact, it must be the same function of A\; and
A for all choices of j and k. For all the measures considered below the optimal
AFE is always a monotonically increasing function of [A\; — A\g| °. As with the
square of concurrence, the j and k that give the largest value of |A\; — \;| are

chosen, namely 7 = 3,k = 4. Thus, the optimal starting state can be written

in its Schmidt decomposition as
|4) = cos(#) [01) + €' sin(6) |10) (3.43)

and AFE simply has to be optimized over the Schmidt parameter ¢ and relative

phase ¢. This gives the following results.

1. Concurrence: C' = | (¢| 02 ® 09 [¢*) |. As discussed above, this measure
is unusual in that the optimal state is always a product state. Thus,

ECc = sin(2(a; + ag)), which coincides with the result of [60].

2. Entropy of entanglement: F = —Tr(palog, pa), where py is Alice’s re-
duced density matrix. This gives a transcendental equation in ¢, which

can be optimized numerically for each a; + ay. For results see Fig. 3.1.

4In the non-generic case, where eq. (3.42) is satisfied for some pairs j # k it is possible
to have more than one non-zero coefficient, but it is simple to show that C; — Cy is still
Zero.

5Similarly, when a; + ag > 1,2 + a3 > 7, for any choice of j and k, the optimal AE
is always a monotonically decreasing function of |A\; — Ag|.
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3. Linearized entropy: R =1— Tr (p?%). This gives ECr = sin(2(a; + az)).

3.3.3 Ancillas

Next we consider whether adding ancillas can increase the entangling capac-
ity. This problem has not been solved analytically yet, but some numerical
optimizations are presented here, using entropy of entanglement as the mea-
sure. Specifically, the following definition of entangling capacity is used when

ancillas are present.

eCp = max [S(Tros (Uas ) (¢]ULy) ) =S (Tros (1) (01)]
V)R A/ BB

(3.44)
where S is the von Neumann entropy, Ha (Hp) is the Hilbert space of the
qubit that Alice (Bob) acts on with Usp and Ha (Hp/) is a finite dimensional
ancillary Hilbert space for Alice (Bob). Only pure states over the Hilbert space
Hanpp = Ha®Ha ®Hp & Hp need to be considered because the argument
of §3.3.1 implies that they are optimal.

Note that, here we are only concerned with the extent to which interaction
between Alice and Bob, represented by Uap, can generate entanglement be-
tween Alice and Bob. Thus, only initial and final entanglement between Alice
and Bob are relevant and the entanglement of Alice or Bob with their local
ancillas is not counted as part of this entanglement.

The optimization was performed for three different families of operations:
e The CNOT family e?@oi @71’

e The double CNOT (DCNOT) family gia(of oot tofeey)

e The SWAP family gio(ot®el tof@oftof@of)

The families are so named because setting a = 7 gives operations that are
locally equivalent to the CNOT, DCNOT and SWAP operations®.

5The DCNOT is defined as CNOTg_4CNOT4_ g. Similarly, SWAP can be defined as
CNOTs_.gCNOTg_.ACNOT4_. 5. These operations, together with the identity are the
extreme points of the parametrization (3.3).
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The simulations were run with both one and two ancillary qubits on each
side (i.e. with dimension 2 and 4 for H 4 and Hp/). Adding 1 ancillary qubit
on each side increased the entangling capacity for the DCNOT and SWAP
families (see figs. 3.3 and 3.4), but there was no further increase on adding
more ancillary qubits. We conjecture that one ancillary qubit on each side is
the most general system required to optimize single-copy entangling capacity.
Note that, for every «, the SWAP family has a higher entangling capacity
than the DCNOT family. This shows that the entangling capacity is generally
a function of all three parameters (aq, ag, ag) of the unitary, in contrast to the
case considered above where no ancillas are allowed.

For the CNOT family, adding ancillas had no effect at all (see fig. 3.2).
In [60], the entangling capacity for the CNOT family starting from a prod-
uct state with ancillas was found to be H(cos? ) = — cos?(a) log,[cos?(a)] —
sin?(a) log, [sin?(a)]. No ancillas were required to achieve this capacity. The
numerical results with initial entanglement exceed this capacity, which demon-
strates that allowing initial entanglement can still increase the entangling ca-
pacity even if ancillas are present. In other words, it is not possible to achieve
the entangling capacity by trading some of the initial entanglement required
when no ancillas are present with entanglement between the system and an-

cillas.

3.4 Collective Processing

We now turn to the question of whether the entangling capacity is increased by
applying n copies of a unitary operation to pairs of qubits in the most general
initial state which may be entangled and may contain ancillas. The n-copy
entangling capacity is then defined to be the optimal increase in entanglement
over Alice and Bob’s entire Hilbert space per application of the unitary. In

this definition, Alice and Bob are again allowed to have arbitrarily large, but

7



Chapter 3. The Entangling Capacity of Quantum Gates

ECE

0.8
0.6
0.4 ,

0.2*: ) ° X o

<
© <
o

o o °
T T

o 02 04 06 08
a1 + Qo

Figure 3.1: Single-copy entangling capacity and optimal initial entanglement
for a general two-qubit unitary of the form of eq.(3.3) when no ancillas are al-
lowed. Crosses show the entangling capacity and diamonds show the minimum

initial entanglement of a state that achieves the capacity.
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Figure 3.2: Single-copy entangling capacity for the CNOT family. Crosses are
for no ancillas, diamonds are for one ancilla on each side and the line shows
the equivalent result from [60] when the starting state is restricted to be a

product between Alice and Bob
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Figure 3.3: Single-copy entangling capacity for the DCNOT family. Crosses
are for no ancillas and diamonds are for one ancilla on each side.
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Figure 3.4: Single-copy entangling capacity for the SWAP family. Crosses are
for no ancillas and diamonds are for one ancilla on each side.
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Figure 3.5: A general entanglement generation protocol when two applications
of the unitary U,p are available.

finite dimensional ancillary Hilbert spaces. We restrict our attention to the
case where the state in the entire Hilbert space is pure at every stage of the
protocol, but note that the results also hold for the case where mixed states
are allowed [12]. In this setting, the unitaries may be applied simultaneously
or one after another. Collective LOCC may be performed on all the qubits
between applications and each unitary may be applied to an arbitrarily chosen
pairs of qubits. However, all protocols of this form can be reduced to simpler

protocols, which yield the same amount of entanglement.

First, observe that the effect of applying unitaries simultaneously can be
achieved by applying them one after the other and doing nothing in between.
Second, because local unitary operations (e.g. local SWAP operations) can be
applied as part of the LOCC, all the unitaries can be applied to the same pair
of qubits. Thus the problem reduces to a sequence of single-copy problems,

where all the qubits that Usp does not act on can be regarded as ancillas.

This is illustrated for the two-copy case in fig. (3.5). We start with a state
|4), containing entanglement £y according to an entanglement measure E and
apply Uap to the chosen pair of qubits. This results in a state ll/z)gf), with
entanglement Eﬁf ) according to the same entanglement measure. This state

can then be manipulated by LOCC to obtain a state |w)§l) with entanglement
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EY) and then U,p is applied to the chosen pair of qubits a second time yielding
the state |¢), with entanglement E,. The 2-copy entangling capacity will be
defined as

£CD (Up) = %max (B — F) (3.45)

where the maximum is taken over all possible starting states |¢), and all
possible LOCC operations that convert W)gf ) to W)gi) with certainty. This
definition generalizes to the n-copy entangling capacity SCgL) in the obvious
manner.

An upper bound for the entanglement generated by any 2-copy protocol

can be found as follows

AE = E,—E,
_ <E2 _ EY)) + (Ef) - E§f>> n (E{ - E0> (3.46)
< 28CE (Uap)

The second line follows by adding and subtracting terms Eff ) and Ey). The
third line follows by noting that the terms Ey — EY) and Eff ) Ejy are bounded

from above by the single copy entangling capacity £Cg and that Efi) — Eff )

can
only be zero or negative due to the fact that entanglement cannot be increased
by LOCC. This argument can easily be extended to non-deterministic protocols
by considering the average entanglement generated by the protocol.

In this argument it was assumed that the 2-copy entangling capacity was
defined in terms of the difference between the values of the same entangle-
ment measure of the state at the output and input of the protocol. This is
appropriate for the pure-state case as discussed here, but different entangle-
ment measures may be appropriate if mixed states are allowed, as in §3.3.1.
This issue is addressed in a generalization of this argument given in [12], which
shows that the maximum of ZECS) still holds for the mixed states as well.

It is straightforward to see that this maximum can be achieved by acting
with Usp on 2 completely separate copies of the optimal single-copy input

state, where each separate state contains the necessary number of ancillas.

81



Chapter 3. The Entangling Capacity of Quantum Gates

The generalization to n > 2 copies of Uyp is also straightforward. Thus,
£CY (Unp) = ECYY (Uap) for all entanglement measures E and all bipartite
unitary operators Uap. This holds in the case where the most general initial
resources are available, i.e. entanglement and ancillas.

If initial entanglement is not available then collective processing can do
better per use of the unitary, since the first few copies of the unitary can be
used to generate entanglement, which can then be used to make a state with
optimal initial entanglement. This can then be used as the starting state for
the subsequent copies, which can then be used to generate more entanglement
than they could if the collective processing were not available.

Protocols that start with initial entanglement can outperform protocols
that start with product states for all finite n. However, the asymptotic case,
where n — o0, is more subtle. In the case where the starting state is a product,
some of the first few operations can be used to generate the entanglement
required for the optimal initial state. Then the entanglement of the states at
each stage can be diluted so that the unitary always acts on the best initial
state”. The number of operations required for the first stage of this protocol is
fixed and finite, so as n — oo the same entangling capacity will be achieved as if
initial entanglement had been present. This means that asymptotic entangling
capacity of a unitary starting with a product state is the same as the capacity

that would be obtained starting with initial entanglement.

3.5 Conclusions

The results of this chapter show that, for all finite numbers of copies of Uyp,
initial entanglement is required to achieve the optimal entangling capacity. If
this initial entanglement and ancillas are available, then collective processing

does not help to achieve this maximum.

“To achieve this it is actually necessary to take two limits. The number of product states
needed at the beginning of the protocol must be large enough so that the dilution is efficient.
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These results have implications for the asymptotic interconvertibility of
bipartite unitary operations. For example, it is known that one can reversibly
convert between a CNOT and a singlet state via LOCC [29, 40]. Thus, one
can asymptotically simulate the action of n€Cg(Uap) CNOTSs using n copies
of Usp and LOCC by generating entanglement and then distilling or diluting
it to singlets. Further, it is impossible to generate more CNOTs than this,
since otherwise one could generate more than ECg(Uap) e-bits per application
of Uap by first converting to CNOTs and then using them to generate singlet
states. More generally, it is not known whether converting between any unitary
operation and entanglement via LOCC is reversible (i.e. whether one can
asymptotically generate n copies of Usp acting on an arbitrary input state
given nECp(Uap) e-bits). However, n€Cr(Uap) is a lower bound on how

much entanglement is needed to generate n copies of Usp. Also, igg Eg;g is an

upper bound on how many copies of a bipartite unitary U, can be generated
asymptotically per application of another bipartite unitary U;. Whether these

bounds can be achieved remains an open question.

3.6 Related Work

Entanglement generation was first discussed in the context of the optimal rate
of entanglement generated by an two-qubit interaction Hamiltonian [38]. It
has also been discussed for two-qubit unitaries in the single copy case where
no initial entanglement is allowed [60]. The work in this chapter can be viewed
as a generalization of both these approaches. Since the publication of these
results, a formula for the entanglement capacities of self-inverse [97] and prod-
uct Hamiltonians in arbitrary dimensions [26] have been found in terms of the
entangling capacity of o1 ® o;.

As indicated in the conclusion, entanglement generation from quantum op-
erations is closely connected to other problems to do with non-local operations.

One of the most interesting of these is the connection between the ability of
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operations to generate entanglement and their ability to facilitate classical
communication between the parties. There is a strong relationship between
the general problem of entanglement generation with some initial entanglement
and free classical communication and the problem of classical communication
with some initial classical communication and free entanglement. This was
first discussed in [12] and then in [16, 15].

Conditions under which a single-copy of a unitary operation may be used
to simulate another with non-zero probability of success have been found [37,
35, 45]. Also, the inverse of entanglement generation, i.e. generating non-local
unitaries from entanglement and LOCC has been investigated. This was first
discussed in [29, 40]. The most general known protocol is given in [27]. It is
a single-copy protocol, but it is not known whether it is optimal or whether it

can be improved upon by collective processing.
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Chapter 4

Measuring Polynomial
Invariants of Multi-Party

Quantum States

4.1 Introduction

The previous two chapters have focussed on the entanglement properties of
Hamiltonians and unitary operators where both the operators and states in-
volved are fully known to all the participants. In this chapter, a different
connection between the entanglement of quantum states and quantum opera-
tions, specifically measurements, is investigated. The question of how, given
several copies of an unknown but identically prepared quantum state, the en-
tanglement properties of the state can be efficiently inferred is addressed. The
focus here will be on multi-party (n > 2) states for which there is as yet no
general scheme for the classification and quantification of entanglement. Nev-
ertheless, as discussed in §1.3.3, progress can be made by considering invariants
under local transformations such as Local Unitary (LU) transformations and

Stochastic Local Operations and Classical Communication (SLOCC).

Invariants are rather abstract mathematical objects and it is natural to
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ask whether any physical meaning can be given to them. One way of doing
this is to investigate how these quantities might be measured. This could be
done by simply measuring the coefficients of the state and then calculating
the invariants. However, finding procedures to measure the invariants directly
may be more efficient and also lends the invariants a physical interpretation

as “collective observables” of the state.

For bipartite pure states, the Schmidt coefficients are a complete set of LU
invariants and optimal protocols for measuring them were given in [3]. Also,
in [51] a method was given for estimating the polynomial SLOCC invariants

of a general two-qubit state.

In this chapter, networks for estimating two classes of polynomial invariants
for multi-party states are presented: the LU invariants for multi-party states
with arbitrary local Hilbert space dimension and the SLOCC invariants for
multi-qubit states. In both cases, the protocol works for both pure and mixed
states. In particular, the structure of the networks reflects the structure of the
invariants in a very simple way.

In §4.2, the construction of local invariants under LU! in [18, 80]. In §4.3,
the networks for measuring these invariants are presented. The next two sec-
tions address the same issues for invariants under SLOCC transformations,
reviewing their construction in §4.4 and presenting networks to measure them
in §4.5. In order to construct the networks for SLOCC invariants, the Struc-
tural Physical Approximation (SPA) to non-physical maps is used, which was
introduced in [50]. The relevant details of this are presented in §4.6. In §4.7,
estimation protocols based on the networks are evaluated by comparing them
to simple techniques based on estimating the state coefficients. Some of the
results from statistical inference used in §4.7 are reviewed in appendix §4.A

and the integrals that arise in the same section are computed in appendix §4.B.

"However, since this work first appeared it has been shown [21] that the SLOCC invariants
can be estimated without the need for introducing noise and circuits have been explicitly
constructed for the concurrence and 3-tangle. The statistical efficiency of these circuits has
not yet been analyzed.
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4.2. Polynomial Invariants under LU transformations

4.2 Polynomial Invariants under LU transfor-

mations

4.2.1 Pure states

Recall that two n-party pure states |¢) , [¢') € @]_, C% are equivalent under

LU transformations if
W) =U1 U, ®...Q0 U, V) (4.1)

where U; € U(d;) is a unitary operation acting on the Hilbert space of the jth
party. States on the same orbit under this action have the same entanglement
properties. Given a particular state, we might be interested in determining
which orbit it belongs to. This can be done by establishing a canonical point
on each orbit, such as the Schmidt form for bipartite states. However, canonical
forms rapidly become more complicated as the number of parties is increased
[1, 22]. Alternatively, polynomial functions of the state coefficients that are
invariant on each orbit can be constructed. Theorems from invariant theory
guarantee that a finite set of such polynomials is enough to distinguish the
generic orbits under this action [76]. The construction of such a set is given in

the following sections.

One party

Consider the state |¢) = Z?Zl o' |i) in a single party Hilbert space C¢, where
{]7)} is an orthonormal basis. The only independent invariant under unitary

transformations of this state is the norm (1| ¢). This may be written as
(Wly) =D a'aj =) a'dla; (4.2)
i ij

where 67 is the Kronecker delta. o7 is the U(d) invariant tensor and invariants
for larger numbers of parties are formed by similar contractions of the state

coefficients with their complex conjugates.
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a a

2./ \-4

Figure 4.1: Diagrammatic representation of the quartic two-qubit LU invariant
J(o,r), given in eq.(4.3). The first index of each term is represented by a circle
and the second by a square. A line joins indices that are contracted with a 9.

Two qubits

As an example, consider a two-qubit state [¢)) = Zzl i—0 @ lij). There is only
one independent quadratic invariant, which is simply the norm of the state.
However, at quartic order there is another invariant, which is functionally

independent of the norm given by

_ 151 nyi2d2 §13 §i4 §74 58 4% A%
J = Za o 5i15i25j15j2a13]3az4j4

— i1J1 pld2f2 A% AF
ZO& QG 5, Qg

For two qubits, this is the only other independent invariant because every state
has a canonical Schmidt form [¢)) = \/p|00) 4+ /1 — p[11), with 1/2 <p <1
and J = 2(p* — p) + 1 determines p uniquely.

Another useful way of representing the invariant is to define two per-
mutations 0,7 on the set {1,2} where o is the identity permutation and

7(1) =2,7(2) = 1. Then

_ 11J1 0202 % *
J(UvT) - Z aa aio‘(l)jT(l)aio‘(Q)jT(Q) (4'?))

This also suggests a diagrammatic way of representing the invariant (see fig.

4.1).
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General case

A multipartite pure state can be written in terms of an orthonormal basis as

follows

) = Y o ik ) (4.4)

A general polynomial function of the state coefficients and their complex con-

jugates can be written as

E cirdrke... QfLitkre izzka. o (4.5)

i1j1k1..i2j2k2... * gk

If the polynomial (4.5) has equal numbers of a’s and o*’s and all the indices
of the a’s are contracted using the invariant tensor § with those of the a*’s,
each index being contracted with an index corresponding to the same party
then the polynomial is manifestly invariant under LU transformations.

Such polynomials can be written in terms of permutations on the indices.
Let r be the degree of the polynomial in a (and hence also the degree in
a*). Let o,7,p... be permutations acting on the set {1,2,...,r} and let

= (0,7, H,...). Then the invariants can be written as:

,
S isjsks... o * )
e = Z H @ i (s r(s) k(o) (4.6)
s=1

In fact, o can always be chosen to be the identity permutation by permuting
the o terms in this expression. Additionally, each Jz can be associated with a
diagram constructed in the same way as fig.4.1.

The invariants Jz are enough to completely distinguish the generic orbits
under LU transformations. In fact, invariant theory guarantees that only a
finite collection of them are needed to do this. However, except in a few

simple cases, it is unknown which Jz invariants form minimal complete sets.

4.2.2 Mixed states
Two mixed states p, p’ are equivalent under LU transformations if
P=U100,®..0U,pUlUi®...0 U} (4.7)
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The LU invariants for mixed states can be derived by rewriting the pure state
invariants (4.6) in terms of the density matrix p = |¢) (¢)| and noting that the
resulting expressions are still invariant under LU transformations for general
density matrices. This can be done by noting that terms such as a1/t~ QO

are elements of the density matrix. A general density matrix may be written

in terms of an orthonormal basis as

p="Y_ph ligh...) (zyz. .| (4.8)

and the corresponding expression for an LU invariant is

Z H 'Ozzj(jkjsf(é)ku(a (4-9>

4.3 Measuring Invariants under LU transfor-

mations

4.3.1 Network construction

The general construction of the network used to measure the LU invariants is
shown in fig.4.2. It generalizes networks for estimating functionals of bipartite
states given in [52, 41, 51]. Measuring an LU invariant of degree r in « (and
also degree r in a*) requires the collective processing of batches of r copies
of the unknown state p. In addition, a Hadamard rotation H is applied to a
single qubit in the state |0) to transform it to \/LE (|0) +]1)). The next step
consists of applying a unitary operation U on the r copies of p controlled by the
Hadamard rotated qubit. Finally a measurement is performed on the single
qubit in the {]|0),|1)} basis. The expectation value of this measurement will
be

(Z) =Re (Tx (Up®")) (4.10)

When p = |[¢) (| is a pure state then this is equivalent to
(Z) = Re (¥|" U [v)™" (4.11)

90



4.3. Measuring Invariants under LU transformations

Measure

o H H 0 vs|1>

r-copies
go)
-

Figure 4.2: General construction of network to measure polynomial LU invari-
ants.

In order to determine networks for measuring the LU invariants, it only remains
to show that there is a U such that the invariants can be expressed in the form
(4.10).

To do this for pure states, polynomials of the form (4.6) must be ex-
pressed in the form of (4.11). Firstly, note that o//* = (ijk...|¥), af;, =
(| ijk ...) and each permutation o in (4.6) can be associated to a permutation

matrix
d

Po= > iowio() - -iow) (itiz.. . ir] (4.12)

11,82, =1

where P, acts on the Hilbert space of the same party for each of the r copies

of the state |¢). Then to each & the permutation matrix
P;=P, P, P, ®... (4.13)

is associated, where P,, P, P,,... act on the Hilbert space of the same party
as o, T, L, ... in (4.6) on each of the r copies of the state. Then it will be shown

that (4.6) can be written as
Jg = (" Pz [)*" (4.14)
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Measure

o—1 H H 0 vl

Figure 4.3: Network for measuring the 2-qubit quartic invariant.

Since Py is unitary these invariants can be estimated with the network in fig.4.2
by setting U = P5 to obtain the real part and U = i Pz to obtain the imaginary
part. For the specific example of the 2-qubit invariant (4.3) this construction

gives

J(G,T) = <77Z}’AlBl <¢‘A232 Taa, ® SWAPB1Bz |¢>AlB1 |¢>A232 (4‘15)

Note also that the physical construction of P; is closely related to the diagram
associated with Jz (compare figs. 4.1 and 4.3 for example).

If p is a mixed state then applying the same procedure without modification
will give the invariants of eq. (4.9). These results can be summarized by the

following theorem.

Theorem 4.1.
Tr(Psp®") = Jz (4.16)

where Ps is defined in (4.13) and Jz is given by (4.9).

Proof. Firstly, consider the action of P; on the operator basis

®::1 (‘isjsks .- > <$3y323 .. ’)

P (®Z:1 ’isjsks . > <l’3y323 .. ’)

e (4.17)
- ®s:1 (lZU(s)jT(s)ku(s) .- > <$syszs .. |)
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then using the relation Tr (|¢0) (¢|) = (4] ¢) gives
Tr (P (Q_ lisjsks - - ) (€syszs - - .]))
_ r Ts Ys Zs
=l <5i0(5)5j7(3)5ku(8) o )

p®" may be expanded in this operator basis as follows

P ® Z pistes  lisjsks ... (Tsyszs .| (4.19)

$=1 is,Js5,Ks50 T s,Ys, 25500

(4.18)

In this expression, all the sums may be taken in front of the tensor product and
this results in a linear combination of the operator basis elements, with coeffi-
cients given by the corresponding density matrix elements. Then Tr (P;p®") is
found by multiplying (4.18) by the coefficients of this linear combination and

summing. Removing the contracted ¢’s then gives (4.9). O

It has previously been noted [44] that all homogeneous polynomial LU
invariants are determined by the expectation values of two observables on r
copies of a state. Here, an explicit network for measuring these observables
has been given. Also, similar constructions can be made to estimate other
polynomial functionals of quantum states [41] and these can be modified to
enable the estimation to proceed by LOCC [4], i.e. with no collective operations
over the n-parties. A similar modification would enable the LU invariants to
be estimated by LOCC. However, these modifications are not considered here
because they would affect the efficiency of the estimation to be discussed in

§4.7.

4.4 Polynomial invariants under SLOCC

When attempting to classify entanglement, it is often useful to consider in-
variants under local transformations that are more general than unitary trans-
formations. For this purpose, invariants under SLOCC have been introduced
[13]. In §4.5, a network to measure the modulus squared of these invariants is

constructed, for the case where each party has a single qubit (i.e. the Hilbert

space is (C?)®").
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4.4.1 Pure states

Two n-party pure states [¢)) and |¢)') are equivalent under SLOCC if it is possi-
ble to obtain |¢/") with non-zero probability via a sequence of Local Operations
and Classical Communication (LOCC) starting from a single copy of |¢) and

vice-versa. In [36], this criterion was shown to be equivalent to
) =M @ My ® ... ® M, |1) (4.20)

where M; € GL(d;) is an invertible linear transformation acting on the d;-

dimensional Hilbert space of the jth party.

In what follows, polynomial invariants for the special case where M; €
SL(2) are found, i.e. the transformation has unit determinant and each party
has a single qubit. Networks to determine the modulus squared of these invari-
ants will be given in §4.5. Note that it is not possible to measure SL(2)" in-
variants directly because they are not necessarily invariant under global phase
transformations [¢)) — € |¢), which have no physical significance. It is for
this reason that the modulus squared is measured, because this is invariant

under these phase transformations.

Under general GL(2)™ transformations, the polynomial SL(2)" invariants
are still invariant up to a multiplicative factor, which is just some power of
the determinant of M; ® My ® ... ® M,. Thus, ratios of appropriate powers

of these polynomials will be invariants under GL(2)".

Two qubits

In order to illustrate the polynomial invariants under SL(2)", first consider the
case where n = 2. Two states [¢)) = Zik:l a* |jk) and ') = Z?,k:l % |jk)
satisfy (4.20) if

o = MyaMy (4.21)
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This means that det(«) = det(«/) is an SL(2)x.SL(2) invariant, since det(M;) =
det(Ms;) = 1. This may be written as

det a = Z €irin€jrjp 0T Q22 (4.22)

where the totally antisymmetric tensor €;; is the SL(2) invariant tensor. For

two qubit pure states, this is the only independent SL(2) x SL(2) invariant.

General case

The SL(2)" invariants can be constructed in a similar way to the LU invariants
except the invariant tensor is now ¢;;, and a’s are contracted with o’s instead

of a*’s. Thus, polynomials of the form

o 2 177/2
Kc? - 21 HS:l €igs_142s Cjos—11525 Chos—1kas « - -

Qlo@s—1)Ir(2s—1)ku(2s—1) - oo (25)Tr(25) Kp(2s) -+

(4.23)

are manifestly invariant. Note that it is straightforward to generalize this
construction to the case where each party has a d-dimensional Hilbert space by
contracting with the SL(d)" invariant tensor €;,,,. ,, instead of ¢;;. However, it
is not yet clear how to measure these invariants because the effect of the higher
rank e tensors cannot be physically implemented by linear transformations on

states.

4.4.2 Mixed states

In general, two mixed states p, p’ are equivalent under SLOCC if there exists
two completely positive maps &£, which are implementable via LOCC with
non-zero probability of success such that p’ = & (p) and p = E(p'). In order
to derive invariants using the expressions from the previous section, only the

case where p and p’ are related by

P=MQM®.. QMpM @M ...0M (4.24)
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with M; € SL(2) is considered here. The resulting expressions may not be
invariant under more general SLOCC transformations, but are related to im-
portant quantities in entanglement theory as described in §4.4.3

Unlike the LU invariants, it is not clear that (4.23) can be written simply
in terms of the coefficients of the density matrix p = [¢) (1|. However, |Ky|*

can be written as follows

2 2 177r/2 T25—1T - 22512
|K5'| - 21 H5:1 €igs—142s Clias—1725 Choas—1kas + - - € 2o 1T2s gU2e 120 gF20 1 520

7;cr(2571)]‘7’(2571)k’,u,(2sfl)"' id(25)j7(25)ku(2s)"'
Ia(zs—ny7(2.9—1)2,,(2.s—1)~~10%(25)yf(2.s)z,;(23)~~- ce

(4.25)

and these will also be SL(2)™ invariants for mixed states.

4.4.3 Examples of SL(2)" invariants

The K3z invariants are especially interesting in entanglement theory because
many important entanglement measures can be easily calculated from them.
For example, in the case of two-qubits, the concurrence is a simple function of

the eigenvalues of pp, where
p=o0,R0,0" 0,0, (4.26)

and T stands for transpose in the computational basis. These eigenvalues can
be calculated from Tr((pp)™) for m = 1,2, 3,4, which are simply the mod-
uli squared of Kz invariants. In [51], networks were constructed to estimate
these invariants for two qubits and this construction is generalized here to Kz
invariants for larger numbers of parties.

Another interesting example is the 3-tangle [102, 28], which is defined for

pure states as the modulus of the following 3-qubit Kz invariant.
T3 = Z% ik ai2j2k2€i1i3€j1j36k1k4€i2i4€j2j4€k2k3ai3j3k3ai4j4k4 (427>
The 3-tangle gives information about the genuine 3-party entanglement be-
tween the qubits.
Finally, note that the K3z invariants can be given similar diagrammatic

representations to the Jz invariants. This is illustrated for the 3-tangle in

fig.4.4.

96



4.5. Measuring SLOCC invariants

a
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Figure 4.4: Diagrammatic representation of the 3-tangle. The first index of

each term is represented by a circle, the second by a square and the third by
a triangle. A line joins indices that are contracted with an e.

1
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4.5 Measuring SLOCC invariants

The modulus squared of the SLOCC invariants can be measured using a net-
work similar to fig. 4.2 except that the unknown states p must be preprocessed
prior to the controlled-U operation. If K3 is of degree r in « then batches of
r copies of p are collectively processed. The preprocessing stage will consist
of collective unitary operations and completely positive maps that act on the
entire Hilbert space of the r copies of p. The resulting state p’, will yield the

expectation value

(Z) =Re(Tr (Up")) (4.28)

for the measurement at the end of the network. In this section, the prepro-
cessing operations and unitary operations U that enable the modulus squared
of the SLOCC invariants to be written in this form are described.

First, the inverse of the permutation matrix associated with & is applied
to the r copies of p to obtain P;p@P&.

The second, and final, part of the preprocessing stage is to apply a com-
pletely positive map A to the state. To describe A, first define the multi-party
analogue of eq. (4.26).

p=0,00,..00,p 0,0,2...Q00, (4.29)
Next, define a map A that acts on a product of r states by applying the tilde
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operation to the even numbered states as follows
AMpr®p®...0p)=p1@p@p&...0 P (4.30)

where each p; is an n-party state.

Unfortunately, A cannot be physically implemented, since it is not a com-
pletely positive map. This can be dealt with by using the Structural Physical
Approximation (SPA) to A, denoted by A. A is the “closest” physical map to
A. This is discussed in §4.6, but for now the network is constructed as if A
could be implemented perfectly.

The final pre-processed state p’ will be

o = A(PLp™" Py) (4.31)

Next, the controlled-U operation in the network must be chosen such that
(Z) = |K3|? when p is used as the input. The pairwise SWAP gate, defined
by

Ulgr) ®@ |¢2) ® ... @ |¢r-1) @ |¢r) =
92) ® |91) ® ... ® |§r) & |dr_1)

where |¢;) is an n-party state fulfils this condition. These results can be

(4.32)

summarized by the following theorem.

Theorem 4.2.

Tr (UA (P;p@@rpg)) = |5 (4.33)
where U is the pairwise SWAP operation (4.32), A is given by (4.30) and | K|
is given by (4.25).

Proof. The proof proceeds in a similar fashion to the proof of theorem 4.1
by considering the action on @' _, |isjsks . . .) (xsys2s| and then obtaining the
expression for a general density matrix using the expansion (4.19) and the
linearity of the operations in (4.33).

The action of the permutation operators is given by

P, lisjsks - ) (wayss - .|) Ps

T (4.34)
= Qi1 is(o)dr ) kacs) - - ) (Ta(s)¥r(s) Zas) - - |
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where ~ denotes the inverse of a permutation.
The map A consists of two parts. Firstly, every second n-party state is

transposed.

®Z/:21 (|i5@s—1)dr@s—1)ka@s—1) - - -) {Ta@s—1)Yr@s-1) Za(25-1) - - -|

S (4.35)
® |Ta(s)Yr(s)Zats) - - -) {Ta(s)I7(s) Fats) - - -|)

Next, every second n-party state is conjugated by 0, ® 09 ®...® 09. Note that

(02);; = —i€ij, which gives
nr/2 r/2
(_1) / , 2(; ; ®s/:1 €25 (26)@s CYr(25)0s E2asycs * * * Cdsiz(as) Cesir(as) Efska(as) *
(|iz@s—1)dr@s—1)ka@s—1) - - ) {Ta@s—1)Yr@s-1) Za(2s-1) - - |
® |asbscs .. .) (dsesfs .. .|)
(4.36)
where the sum is taken over all subscripted indices labelled by a, b, ¢, ..., d,e, f,....

The action of the pairwise SWAP (4.32) transforms the bracketed term into

|asbscs .. > <x6(23—1)y?(25—1)Zﬂ(28—1) . ‘

(4.37)
® |ia(2571)jf(2371)kp(2371) . > (dsesfs .. .|
Taking the trace then gives
(_1)m/z HZ/:QI €25 (26) T (25-1) CUr (26 Ur (25-1) C2m (20 Za (25— 1) * (4.38)
Cig(2s—1)io(2s) Cor (25— 1)T7(26) Shpzs—1) Kp(2s) * -
Swapping the indices of the € terms with x,y, z, ... indices produces another

factor (—1)™/2. Since r is even, this gives a factor of (—1)™ = +1 at the
front. Multiplying the resulting expression by the density matrix coefficients

and then summing gives eq.(4.25). O

4.6 The Structural Physical Approximation

The A operation encountered in the previous section is an example of a positive,
but not completely positive map. These cannot be implemented exactly, but

instead an approximation can be applied. Suppose © : B(C?) — B(C?) is a
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trace-preserving, positive map. Instead of ©, a map of the following form can

be applied.

&) = v + (1-p)ONp) (4.39)

where [ is the identity operator and p is a constant (0 < p < 1) chosen such
that © is completely positive. The optimal map of this form (i.e. the map
with the smallest value of p) was found in [50] to be

7 M1
opt(P) = 3ET1a T aE 10

(4.40)

where A = max(0, —\') and A is the smallest eigenvalue of the operator

I®O(IL,) € B (C*  CY) (4.41)
Here, I, = |¢T) (¢T| is the projector onto the maximally entangled state
lpT) = Ld Z;.lzl |77) and T acts as the identity on B(C?).

In order to apply this result to the map A, it is useful to decompose it into
two parts A = As 0o A;. A; acts as the transpose on every second n-party state
and the identity on the remainder. A, is given by conjugating every second
n-party state with oo ® 09 ®...®0,. Since Ay is unitary, it is A; that is relevant
for calculating the optimal p. The smallest eigenvalue of the operator (4.41)
when © = A; is 27™/2. Applying the formalism, one finds that the optimal

approximation to A is given by

_ o3mr [ 1
Ap)= b

A(p) (4.42)

where n is the number of qubits in each copy of the state and r is the degree
of the Kz for which the modulus squared is being estimated.

On replacing A with A in the network, the expectation value of the Z mea-
surement still allows the modulus squared of the Kz invariant to be determined
via

Ks|* = (2” + 1) (Z) —2m (4.43)
However, the SPA does affect the accuracy to which the invariant is deter-

mined. This is discussed further in the next section. Additionally, in [4], it is
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shown that this sort of SPA can be replaced by one that can be implemented
via LOCC. Thus, the SLOCC invariants could be estimated by LOCC, but the

estimation efficiency discussed in §4.7 would be affected.

4.7 Evaluation

The main aim of the protocols presented in §4.3 and §4.5 is to provide a phys-
ical interpretation for the polynomial invariants. However, the question of
how efficient these measurement protocols are has not yet been addressed. In
this section, the efficiency of these protocols is compared to the efficiency of
protocols based on simply measuring the state coefficients and calculating the
invariants. Unbiased estimators based on counting [85, 64, 32] are used to es-
timate the invariants based on the data provided by a finite number of uses of
the networks. Also, the same type of estimators can be used to find the state
coefficients and then these estimates can be used to calculate the invariants.
The estimators for the invariants arising from this second procedure will gen-
erally be biased. However, the analysis is performed in the limit where a large
number of copies of the state have been measured, so that the bias is negligible
and the variances of the estimates are small and can be treated to first order in
all subsequent calculations. The techniques used are standard in experimental
error analysis and are reviewed in appendix 4.A. Note that more sophisticated
estimation procedures are also possible [42], but the purpose here is to compare
the networks to methods that are easily accessible experimentally.

Measuring the state coefficients would clearly be a more straightforward
procedure to perform experimentally than using the network. Although more
parameters have to be determined, this does not necessarily mean that it is
a less efficient method for estimating the invariants than using the networks.
There are several quite general reasons why this might be the case.

Firstly, suppose that we are interested in measuring a complete set of poly-

nomial LU invariants for some unknown state of n parties, where each party

101



Chapter 4. Measuring Polynomial Invariants of Quantum States

has a d-dimensional Hilbert space. In general, it is not known how many would
need to be measured, but parameter counting arguments [68, 23, 70] show that
the number of local degrees of freedom is linear in n whereas the total number
of degrees of freedom is exponential in n. Thus, for large n almost all the de-
grees of freedom are non-local. Even for moderately sized n, there are nearly
as many invariants as there are state coefficients. In addition, the invariants
are typically highly non-linear functions of the state coefficients. For these
reasons, we expect that measuring a complete set of invariants directly will
generally not be more efficient than measuring the state coefficients for large

n. Similar considerations also apply to the SLOCC invariants.

Despite these considerations, it may be the case that the networks are more
efficient if only a small incomplete subset of the invariants is measured. Also,
they may be more efficient for estimating complete sets when n is small. For
this reason, and for simplicity, the focus is on estimating two qubit invariants

in this section.

There are also other reasons why the networks may not be efficient. For
example, they only employ a two-outcome measurement for each r copies of
the state whereas estimating the state coefficients uses a two-outcome mea-
surement on each copy. Also, for the Kz invariants, it is shown that using the
SPA introduces a lot of noise into the measurement. Nonetheless, there are
still some cases where using the networks is more efficient than estimating the

state coeflicients.

4.7.1 Statistical analysis of the network

For a particular setup in the network, repeated measurements of an observable

Z, with expectation value F' = Tr (Up') are made. Z is a random variable?

2The statistical inference theory used in this section can be found in many statistics
textbooks, such as [31].
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with distribution

p(Z =+1) = % (1+F) (440

WZ=-1)=501-F)

If the event Z = +1 is defined as a success and if p = P(Z = +1) then
repeating the network N times is equivalent to performing N Bernoulli trials
with parameter p. The number of successes N, is a random variable with a
binomial distribution and its expectation value is (N;) = Np = 5 (1+ F).
In an actual experiment, the observed number of successes N, can be used to

compute an unbiased estimator for F', given by

R N
F=92_"°_1 4.45
N (4.45)
with variance
R 1
F) ——(1- F? 4.46
var ( ~ ( ) (4.46)

We are interested in determining how many trials are needed in order for the

estimate F' to be reasonably accurate. Specifically, we would like to quantify

A

how many trials are needed to make var(F) < e for some ¢ > 0. In an

A

experimental situation, var(F’) could not be calculated from the data, so it

~

would have to be estimated using the sample variance, var(F'). However, in
the limit N — oo the fact that var(F) = O(N~!) and var(var(F)) = O(N %)
can be used, i.e. Vér(F ) converges to the true variance much faster than F

converges to F' so var(F) ~ var(F). Thus, in this limit

NZ

A |

(1—F?) (4.47)

Recall that for the LU invariants, the real and imaginary parts of the
invariant are estimated independently and that each use of the network requires
r copies of the state, where r is the degree of the invariant in «. If the same
number of samples are used for estimating both the real and imaginary parts

then the total number of copies required is

Mz

a3

(2 —1J5) (4.48)
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In some cases, it is known a priori that the invariant is always real or always

imaginary. If this is the case, then the same accuracy can be achieved with
Mz (=157 (4.49)
€

For the SLOCC invariants, each use of the network requires r copies of the
state, where r is the degree of the invariant in «. Also the estimate of the
invariant must take into account the use of the SPA via (4.43). In this case,

the total number of copies required is
r Snr 2 2 nr) 2
Mzt (22 +1) — (|K5* +2) (4.50)
€

Notice that the 23" term will dominate the term in the square bracket for

large n and r. This is due to the noise introduced into the measurement by

the SPA.

4.7.2 Comparison to methods based on state estimation

In order to evaluate estimation protocols based on the networks, they are
compared to methods based on estimating the density matrix of the state and
then calculating the invariants. This can be done by estimating each state
coefficient using observations on single copies of the state. This is known as
quantum state tomography (see [42] for an overview and also [85, 64, 32]).
This is not the optimal way of reconstructing the state in general [6], but it

will greatly simplify the analysis.

Example: Two-qubit LU invariants

A general two-qubit density matrix can be written as

1
J J Ji.k

The two-qubit LU invariant (4.3) can be written in terms of these coefficients

as

J =Tr(p%) = % (1 + Z b§> (4.52)
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Each b; can be determined by simply performing a o; measurement on [V,
copies of Bob’s half of the state. The probability distributions of the associated

random variables are given by

oj=+1)=1(1+b
p(o; ) ?( 7) (4.53)
p(UJ = _1) =3 (1 bj)
Thus, each b; can be estimated in the same way as F' in (4.45) and
. 1—b?
b;) = J 4.54
var(ly) = — (4.54)

Then, an estimator for J can be constructed, which is given by

~ 1 ~2
J=3 <1+ij) (4.55)
J
which will be biased, but in the large N; limit
(J)y~> v L=t (4.56)
to first order in var(b;).
If the additional restriction that each observable o; is sampled the same

number of times (i.e. N; = &) is made, then

NZ %Z b3 (1-10?) (4.57)
J

for the estimate to have variance S e.

One way to compare this to the result for the network is to take an average
over all pure states. If all pure states are equally likely then this amounts to in-
tegrating (4.7.2) and (4.49) using Haar measure (for details see appendix 4.B).
This shows that on average 3/2 times as many copies of the state are needed
if the coefficient estimation method is used. This is half of what one might
expect from parameter counting alone, since three times as many parameters
are estimated in the state coefficient method. The factor of two is explained

by the fact that each use of the network uses two copies of the state?.

3and by the fact that the terms 1 —|Jz|? in (4.49) and > bi(1— b?) in (4.57) happen to
have the same average when integrated over Haar measure. The result will not necessarily
be so simple for other invariants.
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Figure 4.5: No. copies required xe in the asymptotic limit for the case where
by = by = 0. The solid line is for the method based on estimating the state
coefficients and the dashed line if for the network.

However, it is possible to find parameter ranges in which the state coeffi-
cient method performs better than the networks. One such range is given by
setting by = by = 0 and then solving the RHS (4.49) > RHS (4.57), which

gives

2(1— (L (1+82)°) >302(1—02
(1= Ga+w)) >sma-u )
= 5b3 — 83 +3 >0

This is satisfied when either b3 > 1 or b3 < 2. The first option violates the
normalization condition, so —\/g < bg < \/g is the only possible solution (see
fig. 4.5). This illustrates the fact that parameter counting does not always re-
flect the statistical efficiency of a given protocol. Any partial information that
available about the type of states being measured might change the judgement

of which protocol is more efficient.
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Example: Two-qubit SLOCC invariants

For the two-qubit SLOCC invariants the quadratic invariant (4.22) can be
taken as an example. In terms of the decomposition (4.51) this can be written

as

(4.59)

|K|2:i [1—2(a§+b§) +) R,
j ik

If this is estimated by measuring all 15 of the state coefficients an equal number

of times then, by a similar analysis to the LU case, at least

NZ 15 [Z [a2(1 —a3) + bj(1 —b7)] + Z R3.(1— R3,) (4.60)

€ - -
J ik

copies of the state are needed to get a variance S e.

Taking averages, one finds that fewer copies are needed in the state coeffi-
cient protocol by a factor ~ 5 x 10® despite the fact that many more parameters
have to be estimated in this protocol than when using the network. This is
largely due to the factor 2'? that appears in (4.50), which arises from the
noise introduced by the SPA. This suggests that other estimation and detec-
tion protocols based on the SPA [52, 51] may be less efficient than parameter
counting arguments would imply. In fact, there are no states for which the
network performs better than the coefficient estimation method. Even in the
best possible case for the network, the state coefficient method requires fewer

states by about 3 orders of magnitude.

4.8 Conclusions

In this chapter, networks for measuring the polynomial invariants of quan-
tum states under LU and SLOCC transformations have been presented. The
structure of these networks is closely related to the structure of the invariants
themselves and thus gives the invariants a physical interpretation. Compari-
son of these networks with methods based on estimating the state coefficients

indicate that the networks are of limited practical use for estimating complete
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sets of invariants, although the LU networks may be useful for estimating small
subsets of the invariants. Indeed, our results suggest that any estimation pro-
cedure that employs the SPA is statistically inefficient even when the number
of parties is small?.

No procedure for estimating a complete set of invariants directly can out-
perform protocols based on estimating the state coefficients as the number of
parties is increased. For small numbers of parties it seems that there can be

some increase in efficiency, but the optimal protocol is not known in general.

4.A Statistical Inference

In this section, some details of statistical parameter estimation that are used
in §4.7.1 are reviewed. Suppose an experiment is performed that has a set of
possible outcomes €2 and that the outcome obtained depends in some way on
an unknown parameter 6. By performing the experiment, some data X € € is
collected that arises from a random process that depends on the parameter 6.
Assuming that the distribution p(X#) as a function of  is known a-priori, an
estimator 6 (X)) can be constructed for  that represents a guess of the value of
0 given the data X. The estimator is called unbiased if () = Y xeq p(X0)0 =

0. Generally, the bias of an estimator is defined to be
B (9) —(6) -0 (4.61)

The central quantity of interest for deciding the quality of an estimator is

the mean square error (MSE), defined as
R R 2
MSE (0) - <<9 - 9) ) (4.62)

For an unbiased estimator, MSE (é) = var (é), so the mean square error and

4However, since this work first appeared it has been shown [21] that the SLOCC invariants
can be estimated without the need for introducing noise and circuits have been explicitly
constructed for the concurrence and 3-tangle. The statistical efficiency of these circuits has
not yet been analyzed.

108



4.A. Statistical Inference

variance may be used interchangeably. In the general case,
. . 2
MSE (9) - <(9 - 9) )
= (62) — 260(0) + 62
(62) — (0)* + (0)* — 20(0) + 6 (4.63)
{

(
(i) (1))
) 0)

For the binomial distribution used in §4.7.1 p = b is an unbiased estimator for

the probability of success p. The estimators used to infer the invariants from
the data produced by the networks are linear functions of an estimator of this
sort and therefore they are also unbiased. The same applies to the estimators
of the state coefficients. However, the estimators used to infer the invariants
in the state coefficient method are non-linear functions of these estimators and
will typically be biased.

Since asymptotic N — oo properties of estimators are the main focus
of interest, only terms to lowest order in N—! will be retained. Suppose an
estimator 0 is constructed as a function of some unbiased estimators, denoted
by a vector i), ie. 0= g(é) If g can be Taylor expanded about the true value
b then

20 :g<b>+zg_b9j (b -1,) +%Zaf;gbk CEDICEE
J Jk

(4.64)

For all the estimators used in §4.7.1, only terms up to quadratic order in this
expansion need to be retained because this is enough to determine the leading
terms of the mean squared errors, variances and biases. The Taylor expansion
of linear functions of binomial estimators will terminate after the linear term in
any case. For functions of the state coefficient estimators var ((SJ) =O(N7!).
Also, any correlation terms, such as (((3] — bj> (l;k — bk>) are zero, since the
estimators of the state coefficients are unbiased and independent. Higher order

moments about the mean are all O(N~2) or smaller and so can be neglected.
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Using (4.64) the mean square error is given to leading order by

MSE (8) =35 45 ((b = by) (b b)) +O (N (4.65)
=Y, (6—%)2var (bj) +O(N7?) |

However, in §4.7.1 variances of estimators are used rather than mean square
errors. This can be done because they are the same to leading order. To show

this, (4.64) can be used to calculate the bias as follows.
B (e) — (66
:Zg adéq <b = bj) + ngz b, 6bk<<A bj) (l;k_bk>>+0(N_2)

=15, Gvar (b) +O(N2)
(4.66)

Thus, the B? term in (4.63) is O(N™?) whereas the mean square error is
O(N~1). Thus, the variance must also be O(N~!) and have the same leading
term as the mean square error. This fact, combined with the result (4.65) is

used to calculate all the asymptotic variances in §4.7.1.

4.B Integrals over Haar measure for two-qubits

To perform the integrals over Haar measure mentioned in §4.7.2 it is convenient

to use the following parametrization of pure two-qubit density matrices [20].
p=1 (I®@I+cosalf - d@1+1®T - F
—i—sinacosw[Ey&@/%-&—l?-&@lé@&] (4.67)
—sinasiny [%1'6@[2'0_3—[;'0_:@]22@0_:})
where 0 < ¥, ¢1, 09 < 27, 0 < v, 61,05 < 7 and
E = (sin ¢j, — cos ¢;, 0)
I; = (cos B; cos ¢;, cos 0 sin ¢, — sin ;) (4.68)
7; = (sin6; cos ¢;, sin §; sin ¢;, cos 6;)

In this parametrization, the unitarily invariant integration measure is given by
cos® avsin asin 6y sin fodadipdg; dfy ddodbs (4.69)
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Details of how to find this measure are given in [20].
The integrals from §4.7.2 can be computed quite easily using this parametriza-
tion. For example, the number of copies required by the network to measure

the two-qubit LU (4.49) becomes
1
Mz % (3 —2cos® a — cos @) (4.70)
€

and the Haar integral of the right hand side is %.
The number of copies required by the state coefficient method (4.57) is

3
NZ - cos? o (1 — cos® a (sin4 0, cos? o + sin? 6, sin? ¢y + cos? 82)) (4.71)
€

and this integrates to 2. The ratio N/M is 3/2, as stated in §4.7.2.
In the parametrization (4.67), the two qubit SLOCC invariant takes the

particularly simple form K = 1—cos? o and thus the number of copies required

by the network (4.50) is

2
M % = (16384 = (17 = cos® a)°) (4.72)
€

1128048

BTl Notice also that the minimum of

and the right hand side integrates to
(4.72) is 32190/e.

The expression for the number of copies required in the state coefficient
method (4.60) is rather complicated, but it integrates to %. Also, (4.60)
is upper bounded by 9/¢, which can be shown by imposing the condition
Tr (p*) < 1 and optimizing. Thus, there are no states for which our network

requires less copies than the state coefficient method.
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Chapter 5

Conclusions

In this thesis, I have investigated the fundamental limits to the processing
of the entanglement properties of quantum operations and ways in which the
entanglement of quantum states can be inferred by measurements. These
fundamental limits are important because practical protocols for achieving
these tasks can be evaluated by comparison to them. This area of research
is still very much in its early stages of development and many open questions

remain. Three of the most important ones are:

e Which classes of quantum operations can be reversibly converted into
entangled states by LOCC? If all operations can be reversibly converted
into entangled states, then many questions about the limits to processing
entanglement in operations could be answered by the theory of entan-
glement in states. Conversely, any operations that cannot be reversibly
converted into entangled states would represent a fundamentally new

type of entanglement.

e Which protocols involving the manipulation of entanglement in states
and operations are improved by collective processing” Given that col-
lective processing is so important in the theory of entangled states, it
would be surprising if some protocols for manipulating entanglement in

operations could not be improved by using it.
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e What is the optimal way of inferring the entanglement properties of
unknown states and operations by measurements? In particular, detect-
ing and measuring multi-particle entanglement will become increasingly
important as experimentalists work towards large-scale quantum com-

puters.

Additionally, it would be interesting to generalize simulation protocols and
the conversion between operations and entanglement to more general oper-
ations, such as completely positive maps and POVMs. Some authors have
begun work in these directions [27, 34, 81, 57].

I conclude with a few remarks on the possible application of the theory of
entanglement in quantum operations.

The theory of quantifying entanglement in quantum states is ideally suited
to determining the fundamental limits on quantum communication tasks, such
as teleportation, superdense coding and cryptography. In these protocols, an
entangled state is often being used directly as a resource.

In contrast, the fundamental resource in quantum control theory and com-
puting is an operation, such as a Hamiltonian or a quantum gate. It is natural,
therefore, to speculate that the quantification of entanglement in operations
will have its most direct application in these areas. In particular, there are
still many unanswered questions about which features of quantum mechanics
are responsible for the power of quantum computing. Indeed, it can be argued
that providing an explanation of this power is the fundamental problem in
quantum computing theory, since it would lead to new insights into how to
design algorithms that cannot be simulated efficiently on classical computers.

It is often stated that multi-party entanglement is one of the main fea-
tures that is required in a quantum algorithm. However, at least in pure state
models, it is known that multi-party entanglement in quantum states is only a
necessary, but not sufficient requirement for algorithms to exhibit exponential
speedup over their classical counterparts [58]. Since quantum gates are the

fundamental resource used in quantum computing, it is possible that a neces-
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sary and sufficient condition for exponential speedup could be formulated in
terms of the entanglement properties of the gates involved in the algorithm
as well as the states. Consequently, I believe that it is well worth pursuing

further problems in this area.
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Appendix A

Notation and Conventions

A few of the notations used throughout the thesis are summarized here.

A.1 Hilbert Spaces

e H - A Hilbert space, usually of arbitrary dimension.
e C?- A finite dimensional, complex Hilbert space of dimension d.

e ‘B(H) - The space of linear operators on a Hilbert space H.

Vectors in a Hilbert space are indicated with the Dirac notation |-), their
duals with (-] and inner products by (:| ). Subsystems are usually denoted on
Hilbert spaces, vectors and operators by subscripts 4 g ... The label is often

omitted if the subsystem referred to is clear from the context.

A.2 Bases

e Computational basis - The standard basis for C¢, with basis vectors
denoted by [j) for j € Z, 1 < j < d. For C?, |0),|1) is often used

instead.
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e Bell basis - A maximally entangled basis for C* ® C? given by

7)) = (0o} —[11))
o) = \/Li(|00>-|—|11)) (A1)
) = S5 (01 +10)
W) = %(|01> 110))

|¢*) is also used to denote = ijl jj) € C?® C%

e Magic basis - Another maximally entangled basis for C?> ® C2, often used

to simplify calculations. It is given by

(100
100
(01
01

11
+ 11
+ 110
110

(A.2)

e e e

) —111))
)+ 11))
)+ 110))
) = 10))

S Sl S-Sl

A.3 Operators

e T _ The transpose of an operator, usually taken in the computational

basis.

e * - The complex conjugate of an operator, usually taken in the compu-

tational basis.
e - The adjoint operator AT = (A*)T.

e p - A positive, trace class operator on H with trace one. Usually referred

to as a density operator.

e [ - The identity operator on a Hilbert space H, sometimes denoted Iy

where N is the dimension of the space Iy acts on.

e 0( - An alternative notation for I,
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® 01,09,03 - The Pauli matrices, given by

01 = , 02 = ) ,03 = (AS)

e & - A vector consisting of the three Pauli matrices o = (01, 09,03)7.

e [ - The identity operator on B(H).
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